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Abstract. We describe partial semi-simp licial resolutions of several moduli 
spaces of interest in topology, geometry and algebra. These are: moduli spaces 
of finite sets, labelled configuration spaces of points in an open manifold, and, 
our primary motivation, moduli spaces of surfaces with tangential structure. 

This allows us to prove homology stability results for all of these moduli 
spaces, which often improve the known stability ranges and give explicit stabil- 
ity ranges in many new cases. In each of these cases the stable homology can 
also be identified. 



1. Introduction 

Let T,g be an oriented surface of genus g with r boundary components, and 
Tg^r ■= '^o(Diff^(Sg, i9Sp) denote its mapping class group: the group of isotopy 
classes of diffeomorphisms. Over the last thirty years there has been an intense 
interest in the homological aspects of this family of groups, stemming principally 
from the rational homology equivalence BTg ~(q from the classifying space of 

to Riemann's moduli space of complex curves of genus g. 

A fundamental contribution in this direction is due to Harer [11], in which, 
inspired by the formal similarity between the family of mapping class groups and 
families of arithmetic groups, he shows that these groups exhibit homological sta- 
bility: each of the natural maps between the r^^^ induces a homology isomorphism 
in some range of degrees which tends to infinity with g. This stability range was 
later improved by Ivanov and extended to also deal with certain coefficient 
modules. 

More recently, there has been a great deal of activity generalising and extending 
these results. Wahl [25j has extended the techniques of Harer and Ivanov to prove 
homological stability for the mapping class groups Afn,r of non-orientable surfaces, 
and hence a Madsen-Weiss theorem for these. Cohen and Madsen [5l |6] defined 
certain moduli spaces Sg^r{X) of "surfaces in a background space X" (which 
specialises to BTg^r when X is a point) and used techniques of Ivanov to prove 
homological stability for these. Boldsen [3] has recently given a much improved 
stability range for the mapping class groups of oriented surfaces (and also the 
spaces of Sg^r{X)), following to some degree an unpublished manuscript of Harer 
[T2 j (although he is unable to verify every claim made in that manuscript and so 
his range is slightly worse than that claimed by |12j). 
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The purpose of this paper is to generaUse the above results by working in the 
context of moduli spaces of surfaces with tangential structure, which we shortly 
explain, which encompasses all of the known spaces of interest (as well as the map- 
ping class groups, which occur as fundamental groups of certain moduli spaces). 
We remark that studying these moduli spaces is akin to studying the full dif- 
feomorphism group, not just the mapping class group, and that while some of 
our arguments one may translate and prove using only mapping class groups and 
discrete techniques, there are some (cf. ^12p that seem to require the full diffeo- 
morphism group. 



1.1. Moduli spaces of surfaces. A convention on notation for surfaces: we 
write Ti^g for the orientable surface of genus g with r boundary components, and 
T, for an arbitrary orientable surface, possibly with boundary. We write for 
the non-orientable surface of genus n with r boundary components, and S for 
an arbitrary non-orientable surface, possibly with boundary. We write F for an 
arbitrary surface. 

Let us give a model of the moduli spaces we have in mind. Let : X — )• BO{2) 
be a Serre fibration, 72 BO (2) be the canonical bundle, and 6*^2 — >■ X be 
the bundle classified by 6. Define Bun(TF, 0*72) to be the space of bundle maps 
TF — )• 0*72, i.e. fibrewise linear isomorphisms, in the compact-open topology. 
Given a bundle map 6 : TF\qp — ?> ^*72, which we call a boundary condition, define 
Bung(rF, 0*72; (5) to be the space of bundle maps TF 0*^2 that restrict to 
the map 5 on the boundary. Let Diffa(F) denote the group of diffeomorphisms 
of F which restrict to the identity diffeomorphism on some neighbourhood of the 
boundary, and equip it with the C°° topology. 

Definition 1.1. The moduli space of surfaces of topological type F with 6 -structure 
and boundary condition 6 is the homotopy quotient 

M\F-5) := Buna(rF,r72;5)//DiflFa(F). 

If we define £%F; 5) := Buns{TF, 0*72; 6) x F//BiSg{F), where the group acts 
diagonally, the moduli space carries a universal smooth F-bundle 

F ^£\F;6) ^M\F;5) 

equipped with a bundle map T^£^{F; 6) — )• 6**72 from the vertical tangent bundle, 
satisfying appropriate boundary conditions. If we do not wish to introduce nota- 
tion for a boundary condition, we may write Ai^{F) to denote A4^{F; 6) with an 
unspecified boundary condition 6. 

The examples of tangential structure we have in mind are: no structure at all 
B0{2) B0{2), orientations BSO{2) BO{2), Spin structures BSpin{2) 
B0{2) and any of these together with a map to a background space, e.g. BS0{2) x 
Y B0{2). These have all been studied in the literature, but in a companion 
paper [23] we investigate some more exotic tangential structures that have not 
been studied before. 
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Gluing together surfaces with ^-structure defines various stabilisation maps, 
which are generated by the stabihsation maps 

7(5) : M'm) M'm^') 

which glue on a pair of pants by the legs, a pair of pants by the waist, and a disc, 
respectively. A qualitative statement of our main theorem is: 

Theorem. The homology groups H^,{A4^ [T,)) stabilise in every degree if and only 
if the zeroth homology groups Ho{A4^{T,)) stabilise. 

Our main results. Theorems 19.31 and 19.41 are quantitative and give homological 
stability ranges for the stabilisation maps, both for orientable and non-orientable 
surfaces. The statement of the full stability theorem is in f|9] and is quite com- 
plicated, but here we give some of its most interesting corollaries for particular 
tangential structures. 

1.2. Oriented surfaces. Consider the tangential structure : BS0{2) — )• BO{2), 
and let us write 6) for the corresponding moduli space of oriented surfaces. 

Note that there is a homotopy equivalence A4^{T,'g;5) ~ BTg^r to the classifying 
space of the oriented mapping class group of . Then 

(i) a{g), : H^M+i^)) is an epimorphism for 3* < 2^ + 1 
and an isomorphism for 3* < 2g — 2. 

(ii) f3{g), : H,{M+i^)) is an isomorphism for 3* < 2g and 
a monomorphism in all degrees. 

(iii) 7(5)* : F*(7W+(S^+i)) ^ is an isomorphism for 3* < 2g. For 
r > it is an epimorphism in all degrees; for r = it is an epimorphism for 
3* <2g + 3. 

This coincides with the stability range recently obtained by Boldsen [3], except 
that our range for closing the last boundary component is slightly better. 

Cohen and Madsen [5] introduced certain moduli spaces of surfaces with maps to 
a background space X, denoted Sg^r{X), and studied their homology stability when 
X is simply-connected. In our notation these are simply the spaces 
for 6 : BSO{2) x X — )• BO (2), with boundary condition that OS^ is mapped 
constantly to a basepoint in X. When X is simply-connected our methods also 
show 

(i) a{g), : H^M'^i^)) //^(^^(S^;})) is an epimorphism for 3* < 2g and 
an isomorphism for 3* < 2g — 3. 

(ii) f3{g), : H,{M^{J:i)) is an epimorphism for 3* < 2g - 1 
and an isomorphism for 3* < 2g — 4. 

(iii) 7(5), : H4M\^+^)) H,{M%^)) is an isomorphism for 3* < 2g - 1. 
For r > it us an epimorphism in all degrees; for r = it is an epimorphism 
in degrees 3* < 2^ -|- 2. 

As is now well known [161 13 O |9j , in both cases the stable homology coincides 
with that of the infinite loop space of a certain Thom spectrum. We will not 
discuss the stable homology in this paper. 
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1.3. Faber's conjecture. Let Tg be the mapping class group of and Mg be 
the moduli space of smooth projective curves of genus g. Faber [7] has made a 
detailed conjecture concerning the structure of the tautological algebra R*{'M.g) C 
A*(M.g) inside the rational Chow algebra, which is the subalgebra generated by 
the Mumford-Morita-Miller classes Kj S A*(Mg). Part b) of his conjecture states 
that the classes ki, generate the tautological algebra, and that there are 
no relations between them in degrees * < [(7/3j. 

One may also make this conjecture in cohomology instead of in the Chow al- 
gebra. There is an isomorphism H*(M.g;Q) = H*{Tg;Q) as long as g > 2, and 
there are topologically defined classes Kj G H'^'^{Tg;Q) which correspond under the 
above isomorphism to the projections of the Kj to the cohomology of Mg. Let us 
denote R*(Tg) C H*{rg]Q) the subalgebra generated by these classes. 

Morita [TU] has proved the generation part of the conjecture in cohomology: 
the algebra R*{rg) is generated by the classes ki, K^g/^j. Later, lonel [TH] 
proved the generation part of the conjecture in the Chow algebra. Below we prove 
the "no relations" part of the conjecture, which also follows from an unpublished 
stability range of Harer |12] and the work of Boldsen [3] . Because of the homotopy 
equivalences ~ BTg^r, our stability theorem can equally well be applied 

to the mapping class groups. 

Corollary 1.2. There are no relations between the Ki in H^*{Mg;Q), and hence 
in A*{'M.g), in degrees * < [5/3]. 

Proof. We work in H*{Tg;Q), and so double degrees. Note that all stabilisation 
maps between the F^^^ induce epimorphisms between the tautological algebras 
R*{Tg^r), as all stabilisation maps are natural for the Kj. The homology epimor- 
phism ranges given in the stability theorem dualise to cohomology monomorphism 
ranges. These are also ranges for monomorphisms, hence isomorphisms, between 
tautological algebras. 

A relation between the Kj in R*{Tg) would also give such a relation in i?*(rg_i). 
The stabilisation map F^^i Too induces an epimorphism in homology, so an 
isomorphism on tautological algebras, in degrees * < \2g/3\. By the affirmed 
Mumford conjecture [201 [16], there are no relations between the Ki in H*{T oo',Q) 
so neither are there any in H*{Tg^i;Q) in degrees * < [2^/3]. The tautological 
algebra is concentrated in even degrees, so this range is equivalent to * < 2[g/3\. 

□ 

1.4. Unoriented surfaces. Consider the tangential structure Id : B0{2) 
B0{2), and let us write for the corresponding moduli space of non- 
orientable surfaces. Note that there is a homotopy equivalence M.{S^; S) ~ BNn,r 
to the classifying space of the unoriented mapping class group of 5^. In this case 
there is an extra stabilisation map 

given by gluing on a Mobius band with a disc removed. Then 

(i) a(n)* : H^{JV[[S'^)) — > H^{AA{Sl^2)) is an epimorphism for 3* < n and an 
isomorphism for 3* < n — 3. 

(ii) /3(n)* : H^{M{Sn)) H^{M{Sn^'^)) is an isomorphism for 3* < n - 1 and 
a monomorphism in all degrees. 
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(iii) 7(n)* : H^{M{Sl^^)) H^{M{Sn)) is an isomorphism for 3* < n - 1. For 
r > it is an epimorphism is all degrees; for r = it is an epimorphism for 
3* < n + 2. 

(iv) /u(n)* : H^{A4{S^)) — )• H^{A4{S^_^i)) is an epimorphism for 3* < n and an 
isomorphism for 3* < n — 3. 

This stability range for non-orientable surfaces improves on the previously best 
known range, due to Wahl |25) . which was of slope 1/4. In fact, there is a slightly 
better range, but it does not admit a pleasant description: it improves the range 
given here by one degree for certain values of n modulo 6; we discuss it in ^9.8[ 

As in the oriented case we can also consider the tangential structure 6 : BO (2) x 
X BO (2), so the spaces M^{S^; 6) are moduli spaces of non-orientable surfaces 
equipped with a map to the background space X. When X is simply connected 
our methods also show 

(i) a(n)* : H,{M%S^)) i/*(7W^(5;+2)) is an epimorphism for 3* < n - 1 
and an isomorphism for 3* < n — 4. 

(ii) /3(n)* : H^M^iSQ) H^{M^{S;+^)) is an epimorphism for 3* < n - 2 
and an isomorphism for 3* < n — 5. 

(iii) 7(n), : ^ H^M^iSQ) is an isomorphism for 3* < n - 2. 
For r > it is an epimorphism is all degrees; for r = it is an epimorphism 
for 3* < n + 1 . 

(iv) /u(n)* : H^{M^{Sn)) H^{M^ {Sl^j^i)) is an epimorphism for 3* < n - 1 
and an isomorphism for 3* < n — 4. 

1.5. Configuration spaces. As a warm up to our principal examples of moduli 
spaces of surfaces, we explain how the same methods may be used to obtain 
homology stability results for configuration spaces. 

Let y be a connected manifold that is the interior of a manifold with boundary 
y, and X be a path connected topological space. Define C„(y;X) to be the 
configuration space of n unordered points in Y with labels in X, topologised as 
(y™ \ A) y-T.n where A denotes the fat diagonal. For each point b € dY there 
is a stabilisation map 

s,:Cn{Y;X)^Cn+i{Y-X) 

which adds a new point near b. 

Our principal result concerning labelled configuration spaces is then as follows, 
which is proved as Theorem 14.11 

Theorem. Let Y be a connected smooth manifold which is the interior of a 
manifold with boundary Y , and has dimension greater than 1. The map Sb ■ 
CniY;X) — )• Cn+i{Y;X) is a homology isomorphism in degrees 2* < n. 

Many cases of this theorem have already appeared in the literature. In par- 
ticular the work of McDuff [T5] and Segal |24[ Proposition A.l] treat the case of 
arbitrary Y and X = *, and the work of Lehrer-Segal [15\ Theorem 3.2] treats 
the case Y = and arbitrary X, although their methods are not able to give an 
explicit range. Earlier work of Arnol'd and F. Cohen [1] is related to the case 
when y = R'^. 

1.6. The resolution point of view. In many moduli-theoretic situations the 
following general scheme applies, which we illustrcite with, ctn exciiiiplc. Let 
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be the space of configurations of n unordered points in M°°, and let 7V4„ be the 
space of n unordered points in M°° with a distinguished point. One can ask how 
far the map Mn, which forgets that a point is distinguished, is from being 

a homotopy equivalence, and study the problem from the following point of view: 
map a fe-dimensional manifold A^'^ into Mn, and try to lift this map to Mj^. 

Certainly we can solve this lifting problem locally in A^: a map / : — > A4„ 
classifies a n-fold covering space N ^ N (along with an embedding N ^ N x R°°, 
but this contains no homotopical information and we will ignore it), and a map 
f : N ^ classifies a n-fold covering space with section, and sections oi N ^ N 
certainly exist locally in A^. Thus we may find an (ordered, good) open cover Ua 
of A'^ and sections Sa of N\ij^ ^ Ua- Now we may try to fit these sections together 
to form a global section over A^. Over intersections Ua'^Up the sections Sq,, sp 
may agree, but most probably do not. Thus over this intersection we have two 
ordered distinguished points in each fibre, so most naturally obtain a map into 
Ml, the space of n unordered points in with two ordered distinguished points. 

Continuing in the obvious way, we obtain a lift not to but to the realisation 
of a semi-simplicial space 

\\---Ml^Ml\\^Mn. 

If we try to solve the relative lifting problem for this map, we find that we can 
do so for k < n — 2 (c.f. Proposition \3.2\ where we show that the homotopy fibre 
of this map is in fact a wedge of (n — l)-spheres). Thus within a certain range of 
dimensions the realisation of this semi-simplicial space is an adequate substitute 
for the space Mm but it has the benefit of being constructed from the simpler 
spaces Ml^^ ~ Mn-i-i, i > 0. In particular the homology of the semi-simplicial 
space is obtained by means of a spectral sequence from the homology of 

the spaces Mn-i-i- this allows one to prove certain homological results about the 
spaces Mn by induction on n. The purpose of this article is to put this scheme 
into practice in the situations described above. 

1.7. Outline. In ^ we give some standard notions concerning semi-simplicial 
spaces and the spectral sequence coming from their skeletal filtration. In f|3] we 
give the full details of the above example, and in ^ we extend it to the spaces 
Cn{Y;X), configuration spaces of n points in an open manifold Y with labels 
in a path connected space X. These two sections are logically independent of 
the remaining sections, but we feel they motivate many of the later techniques. 
In ^ - ^we study our main example, the moduli spaces M^{F) of surfaces of 
the topological type of F, equipped with a ^-structure. In the first few sections 
we give definitions of the resolutions we shall use, and in ^ we give the full 
statements of main homological stability theorems for these spaces, when the 
underlying surface has non-empty boundary, and discuss examples. In TOD and 
^111 we provide the proofs of the claims made in ^ In ^121 we discuss stability 
for closing the last boundary component, which is slightly more subtle than the 
previous case, and discuss examples. In Appendix |X] we deduce the connectivities 
of certain complexes of arcs in surfaces, starting from results of Harer [111 and 
Wahl 1^25], which are necessary to prove the results of ^ This is included as 
an appendix as it may be of interest independent of the body of the article. In 
Appendix [B] we introduce an elementary construction in semi-simplicial spaces 
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which occurs in several places in this theory, and give a criterion for it to have a 
highly connected realisation. 

1.8. Acknowledgements. The author is grateful to Nathalie Wahl for both her 
interest in this project and her suggestions, which have greatly improved it. 

2. SeMI-SIMPLICIAL SPACES AND RESOLUTIONS 

Let denote the simplicial category, that is, the opposite of the category A 
having objects the finite ordered sets [n] = {0, 1, n} and morphisms the weakly 
monotone maps. A simplicial object in a category C is a functor X, : A°^' C. Let 
A C A be the subcategory having all objects but only the strictly monotone maps. 
Call the semi-simplicial category and a functor X, : — C a semi-simplicial 
object in C. A (semi-)simplicial map / : X, — > Y, is a natural transformation of 
functors: in particular, it has components /„ : Xn Yn- 

The geometric realisation of a semi-simplicial space X, is 

IIX.II = X A7- 

n>0 

where the equivalence relation is {di{x),y) ~ (x, for cZ* : A" A"+-'^ the 

inclusion of the i-th face. Note that there is a homeomorphism 

1 1 X, 1 1 = hocolim \op X, 

where the homotopy colimit is taken in the category of unpointed topological 
spaces. 

If X, is a semi-simplicial pointed space, its realisation as a pointed space is 

11^.11* = V X 

n>0 

where di{x) x y ^ x d^{y). Recall that the half smash product of a space Y and 
a pointed space C is the pointed space C x Y := C x Y/ * xY. There is again a 
homeomorphism 

II* = hocolim A°pA^» 

where the homotopy colimit is taken in the category of pointed topological spaces. 
If X^ denotes levelwise addition of a disjoint basepoint, then there is a homeo- 
morphism ||X+||* = 

The skeletal filtration of ||X, || gives a strongly convergent first quadrant spectral 

sequence 

(sSS) El, = ht{Xs)^hs+t{\\X,\\) 

for any connective generalised homology theory h^. The d^ differential is given by 
the alternating sum of the face maps, d^ = E(-l)*((^i)*- This spectral sequence 
coincides with the Bousfield-Kan spectral sequence for the homology of a homo- 
topy colimit, and is natural for simplicial maps. There is also a pointed analogue, 
using reduced homology. 

2.1. Pairs of spaces. If / : yl — )• X is a continuous map, write Cf for its ho- 
motopy cofibre. Write {X, A) for the pair of spaces, where we silently consider / 
to be an inclusion. We may sometimes confuse {X,A) with Cf, and in particular 
treat {X, A) as a pointed space. 
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2.2. Relative semi-simplicial spaces. Let /, : X, — > y, be a map of semi- 
simplicial spaces. Then the levelwise homotopy cofibres form a semi-simphcial 
pointed space Cj. , and 

11/^ II r\j 
\\'~-f.\\* = 

as homotopy cohmits commute. In particular, the spectral sequence (jsSSp for this 
semi-simplicial pointed space is 

(RsSS) = htiCfJ ^ ht{Ys,Xs) ^ hs+t{C\\f,\\) = h,+t{\\Y,\\, \\X.\\). 

2.3. Augmented semi-simplicial spaces. An augmentation of a (semi-)simplicial 
space X, is a space X_i and a map e : — ?• X^i such that edo = edi : Xi 

An augmentation induces a map ||e|| : || — )> In this case there is a spectral 

sequence defined for s > — 1, 

(AsSS) El, = ht{Xs) hs+t+i{C\\,\\) ^ hs+t+i{X-i, \\X.\\). 

for any connective generalised homology theory h^. The d} differentials are as 
above for s > 0, and : Eq, ^ E^^ , is given by e*. 

There is also a relative version of this construction. Let / : {ex '■ X, X-i) 
(ey : y, ^ y_i) be a map of augmented semi-simplicial spaces. There is a spectral 
sequence defined for s > — 1, 

(RAsSS) Elt = ht{Xs,Ys) ^ hs+t+i{C\\,^\\,C\\,^\\). 

2.4. Resolutions. For our purposes, a resolution of a space X is an augmented 
semi-simplicial space X, — ?> X such that the map \\X,\\ ^ X is a weak homotopy 
equivalence. An n-resolution of a space X is an augmented semi-simplicial space 
X, —7- X such that the map \\X,\\ — )■ X is n-connected. 

2.5. Homotopy fibres. We will typically show that an augmented semi-simplicial 
space X, ^ X is an n-resolution by showing that the homotopy fibre of \\X, \\ ^ X 
is (n — l)-connected. For this it is useful to know that the homotopy fibre may be 
computed levelwise. Let us write fn : Xn — > X for the unique composition of face 
maps. 

Lemma 2.1. The square 

||hofib,/.|| \\X,\\ 



{x} ^X 

is weakly homotopy cartesian. 

Proof. Without loss of generality we may suppose that the /„ are fibrations and 
that AT is a CW complex (so locally contractible) , by passing to a homotopy 
equivalent diagram. As fn^{x) ^ hofiba;/n is a weak homotopy equivalence, it is 
enough to show that 

|l/.-^(x)|| II A. II ^ A 

is a homotopy fibre sequence. Certainly ||/^^(x)|| is the geometric fibre over x, so 
we will show that ||A, || ^ A is a local quasi-fibration, hence quasi-fibration, and 
the result follows. 
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For any point a € X let Ua be a contractible neighbourhood, and b ^Ua- The 
fibre over h is and the preimage of Ua is ||/r"^(f^a)||- As each fn is a 

fibration, the map 

is a levelwise weak homotopy equivalence, so a weak homotopy equivalence on 
realisation, as required. □ 

3. Finite sets 

We will start gently with the moduli spaces of finite sets, which is the example 
discussed in ^1.61 Our point-set model for this moduli space is 

5S„ = Emb({l,...,n},M°°)/S„, 

the unordered configuration space of n points in There is a stabilisation map 
s : BT,n BT,n+i, uniquely defined up to homotopy, given by adding a new point 
"near infinity". More precisely, we choose an embedding ]R°° ^ [0,1]°° C 
isotopic to the identity, and define s to send a configuration C to e(C)U(2, 0, 0, ...). 

Theorem 3.1 (Nakaoka [21]). The 
phism in degrees 2* < n. 

3.1. Resolution. Let E = {{C,p) G SE„ x |p e C}. Forgetting the point p 
defines a covering space 

tt:E — > BT.n. 

Let BTjJ^ C E X BT,n E x by,^ ■ ■ ■ x BT,n ^ consist of those tuples {C,po, ...,pi) with 
the pj all distinct. There are maps dj : -BS^ — > BT^l^^ for j = 0,...,i given by 
forgetting the j-th point. Furthermore, there is a unique map -BS^ B'Sn given 
by forgetting all points. 

Proposition 3.2. SS* BT, n is an augmented semi-simplicial space. The fibre 
||F(C)*|| of BTin over a configuration C G BTin is homotopy equivalent 

to a wedge of (n — l)-spheres. In particular this gives a [n — l)-resolution of BTin- 

Proof That SS^ BT, n is an augmented semi-simplicial space is clear: all that 
is required is to observe that the maps dj respect the simplicial identities. 

The fibre over a configuration C is the realisation of the semi-simplicial space 
F[C)' with i-simplices the set of ordered subsets of C of cardinality [i + 1). 
Certainly ||F(C)*|| has dimension (n — 1), so it is enough to show it is (n — 2)- 
connected. We prove this by induction on n, and note that it is clear for n < 2. 
Choose ap G C and consider the inclusion F{C —p)' F{C)'. Note that ||-F(C — 
p)'\\ — > ||F(C)*|| is nullhomotopic, as the point p can be added, and furthermore 
|[F(C — — VS"""^ by inductive assumption. The levelwise homotopy cofibre 
is V'=o-^(C-p)+"^ which can be alternatively written as F(C — p)'^_ ^ x {0, •}. 
This is the construction of Appendix [B] applied to F{C — p)'. 

Consider the augmented semi-simplicial space 

II • • • F(c - py+^ ^ F{c - py\\ A F{c - py~\ 

This has fibre ||F(C — {p,po, ...,pi-i}y\\ over {po, G FiC — pY^^, which 

by inductive hypothesis is a wedge of (n — i — 2)-spheres, so the map di is {n — i — 2)- 
connected. By the discussion in Appendix |B] the map VS*""^ ~ T,\\F(C — p)'\\ 
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||F(C-p)";r^ x{0, ...,«}||* is then (n-2)-connected, so \\F{C -p)*^r yi {0, 

itself is (n — 2)-connected. Thus it follows that ||-F(C)*|| is (n — 2)-connected. □ 

Proposition 3.3. There are homotopy equivalences BTi\ ~ Under 
this identification the face maps dj : -BS^ — )• BTj^^^ and the augmentation map 
BT,^ — > BTjn are all homotopic to the stabilisation map. 

Proof. Note that Emb({l,...,n-i-l},M°°\{l,...,i + l}) is still contractible, and 
a free S„_j_i-space. The quotient by is precisely a fibre of the fibration 

BSj, ^ Emb({l, ...,i + 1},M~) ~ *, 

where the map vr discards the undistinguished points. This establishes the homo- 
topy equivalence -BS^ ~ The face maps all differ by some permutation 
of the distinguished points, a : — )• BTi^^, so to show the face maps are homo- 
topic it is enough to show these permutation maps are homotopic to the identity. 

Note BT,l^ is homotopy equivalent to its subspace Y where the distinguished 
points have first coordinate 1, and the undistinguished points have first coordinate 
negative. There is a homeomorphism 

y ^ Emb({l, n - i - 1}, (-00, 0) X M°°)/E„_i_i X Emb({n - i, n}, {1} X 

and the automorphism a preserves the subspace Y, acts trivially on the first factor 
and by a permutation on the second. The second factor is contractible, so a is 
homotopic to the identity on Y, and hence also on -BS^. □ 

Remark 3.4. There is an alternative (equivalent) slightly more abstract point of 
view on this resolution. Let us define BTin ■= to be the homotopy quotient. 

The semi-simplicial set F{{1, ...,n})* has an action of and we can define 
BT,\ := ...,n}y //T,n to be the homotopy quotient. 

Then there is a homotopy equivalence n})* ~ so a fi- 

bration sequence 

||F({l,...,n})'|| 

It then remains to identify BTi\^, which may be seen to be BT,n^ i — \ as X]^ acts 
transitively on -F({1, ...,n})* with stabiliser 

3.2. Proof of Theorem 13. IL Note that Theorem 13.11 is trivially true for n = 0, 
as the spaces -BS„ are all connected. Consider the spectral sequence (jsSSp in 
integral homology applied to the semi-simplicial space It is 

= Ht{B^n-s) ^ Hs+t{\\BT.l^^\\) ^ Hs+tiB^n+i) for s + t < n - 1 

and we wish to deduce something about the range 2* < n, so need [^J < n — 1, 
which holds for all n > 1. In this spectral sequence the d^ differential is given by 
the alternating sum of the face maps. However, these are all freely homotopic, 
so induce the same map on homology. Thus d^ : E^^^ ^ ^Iven,* ^^^o 
d^ : -Eet,e„ * — )• E^^^ ^ is given by the stabilisation map, 

S* ■ Ht{BT,n-2s) > Ht{BTin-2s+l)- 

Applying Theorem 13.11 for n' < n points, we see that this stabilisation map is 
an isomorphism for 2t < n — 2s, so that E'^ ^ is trivial for bidegrees (2s, t) with 
2(t + 2s) < n + 2s and s > 0, and bidegrees (2!s + l,t) with 2{t + 2s + l) < n + 2s + 2 
and s > 0. Observing Figure [H in total degrees 2* < n the spectral sequence 
collapses at E'^ and is concentrated along s = 0. Thus Theorem 13.11 holds. 
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\J^\ (I • •„ • 

Lfj (1 •* — • — • 
L^J (( •*^« — • 
L^J " •*^« 
1 1 1 1- 

12 3 4 

Figure 1. page of the spectral sequence converging to H^,{\BT,'^j^^\). 

4. Configuration spaces and labels 

For Y a connected manifold and X a path connected space, let us define 

Cn{Y;X) :=Emb({l,...,n},y) X2„ X" 

to be the moduli space of n unordered points in Y labelled by X. Let us write Y^ 
for the manifold Y with k points removed (as Y is assumed to be connected, the 
homeomorphism type of is independent of which points are removed). In this 
section we will prove a generalisation of Theorem 13. II to the spaces Cn{Y; X). We 
also give a different spectral sequence argument, which is closer to that we will 
use in the following sections. 

Let Y be the interior of a manifold with boundary Y, and b € dY. We may 
choose an embedding e :Y ^ Y that is the identity outside a small neighbourhood 
of 6, misses the point b (and so also misses a contractible neighbourhood U C Y 
of it), and is isotopic to the identity. Given a configuration of n points C C Y, 
e(C) C y is a configuration of n points in Y that do not lie in U OY. We may 
then add a point in this open set (labelled by some £ G X) to the configuration 
to obtain a configuration Sb{C) of (n + 1) points in Y. This defines a continuous 
map 

Sb-.CniY-X) ^Cn+i{Y;X) 
whose homotopy class only depends on the boundary component b G dY lies on 
(in particular, it is independent of £, as X is assumed to be path connected). 

Theorem 4.1. Let Y be a connected manifold which is the interior of a manifold 
with boundary Y, and has dimension greater than 1. The map Sf, : Cn{Y;X) — )■ 
Cn+i(Y; X) is a homology epimorphism in degrees 2* < n and a homology iso- 
morphism in degrees 2* < n — 2. 

Remark 4.2. The condition that Y is the interior of a manifold with boundary can 
probably be removed by instead working with the ends of Y as in \2A\ Appendix 
to §5]. We have not pursued this approach as we are primarily interested in fairly 
innocuous manifolds which do admit a boundary. 

Remark 4.3. Of course, stability for integral homology implies stability for any 
other connective homology theory. 

In the case X = *, the fact that these spaces exhibit homological stability at all 
is due to McDuff [18] and a stability range similar to the above was later obtained 
by Segal |24[ Proposition A.l]. For y = M*^ and X arbitrary, the fact that these 
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spaces exhibit homological stability is due to Lehrer and Segal [15J, though their 
methods are indirect and so unable to provide a stability range. 

Remark 4.4. Although they only discuss configurations in Euclidean space, the 
transfer argument of Lehrer-Segal |15i Section 3] can be applied verbatim to show 
that the maps Cn(Y;X) — )■ Cn+i{y',X) always give homology monomorphisms 
for n > 0. This improves Theorem 14.11 to say that the stabilisation maps are 
isomorphisms in degrees 2* < n. 

Define 

Cn{Y;Xy := {{C,po, ...,p^) G Cn{Y;X) x Y'+^ | e C, Vi^Pk}- 

There are maps dj : C„(y; Xy — )• Cn{Y; Xy~^ given by forgetting the j-th point, 
and CniY]Xy Cn{Y]X) given by forgetting all points. 

Proposition 4.5. C„(y; X)' Cn{Y\ X) is an augmented semi-simplicial space, 
and an (n — 1) -resolution. Furthermore, there are homotopy fibre sequences 

Cn-^^l{Y,+r,X) ^Cn{Y;Xy ^Emh{{l,...,i + l},Y)xX'+^ =:MY;X). 

Proof. The first statement requiring proof is that the fibration ||C„(y;X)*|l 
Cn{Y;X) has (n — l)-connected fibre. However, its homotopy fibre over a labelled 
configuration C in y is ||i^(C)*||, which we showed in Proposition 13.21 to be a 
wedge of (n — l)-spheres. 

The map vr sends a tuple {C,po, ...,pi) to {po, ...,pi,£{po), ...,£{pi)) where £{pj) 
denotes the label in X of pj (z C . This is a fibration (in fact a fibre bundle) and 
the fibre over (po, .■.,Pi,xo, ...,Xi) is Cn^i-i{Y \ {po, ...,pi};X). □ 

Consider the stabilisation map Sh ■ CniY;X) — )■ Cn+i{Y; X) for b a point of 
dY. Let us write Rn{Y,b) for the pair (C„+i(y; X), C„(y; X)), where CniY;X) 
is thought of as a subspace via the map Sj,. If the reader prefers they can consider 
Rn(Y, b) to be the mapping cone of Sb- we will be interested only in its connectivity. 
The map Sf, induces a simplicial map on resolutions : Cn{Y; X)' — > Cn+i{Y] Xy 
and we write RniY, by for the simplicial pair {Cn+i{Y; Xy,Cn(Y; X)'). There is 
then an augmented semi-simplicial object in the category of pairs of spaces 

Rn{Y,by ^ Rn{Y,b). 

4.1. Proof of Theorem 14.11 We proceed by induction on n. Note that the 
statement of Theorem 14.11 is equivalent to the statement that Rn{Y,b) is [^J- 
connected. As Y is connected and of dimension at least two, all the spaces involved 
are connected and so the statement is trivially true for n < 1. For n > 2, we can 
apply (|RAsSSp to the augmented semi-simplicial pair of spaces Rn{Y,b)' — > 
Rn (y, b) . It has the form 

El, = Ht{Cn+i{Y;Xy,Cn{Y;Xy) ^0 for s + t < n 

and n > n/2, so the range we wish to study is within the range that the spectral 
sequence converges to zero. 

By Proposition 14.51 there is a relative Serre spectral sequence 

El, = Ht{Ai{Y-XyHs{Cn-i{Yi+i;X),Cn^i^i{Yi+i-X))) 

^H,+t{Cn+i{Y;Xy,Cn{Y;Xy), 
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and applying Theorem 14.11 to l^+i and n — i — 1 points we see that E'^t = for 
2s < n-i-l. T\msH^{Cn+i{Y]X)\CniY;Xy) is trivial in degrees 2* < n-i-1, 
and the inclusion of the fibre to the total space gives a homology epimorphism in 
degrees 2* < n — i + 1. 

This implies that E\^ = ^ for 2t < n — s — 1, so for 2{s + t) < n + s — 1. Thus 
the augmentation 

di:H,{Cn+i{Y-Xf,Cn{Y;Xf)^H,{Cn+i{Y;X),Cn{Y-X)) 

is an epimorphism in degrees 2* < n. 

Consider the inclusion of the relative fibre 

{Cn{Yr,X),Cn-i{Yi;X)) {Cn+i{Y-Xf,Cn{Y;Xf) 

over a point € Aq{Y;X) with 1 G y near b € dY. By the Serre spectral 

sequence calculation above, this gives a homology epimorphism in degrees 2* < 
n + 1. Proposition 14.101 (given with its proof in HA.3\ as the method of proof is 
different to the methods used in this section) says that the map 

pt : {Cn{Y;X),Cn^i{Y;X)) {Cn{Yr, X),Cn-i(Yr, X)) 

which adds a puncture near b also induces a homology epimorphism in degrees 
2* < n. Thus the composition 

{Cn{Y;X),Cn-i{Y;X)) {Cn{Yr, X),Cn-i{Yi- X)) 

{Cn+i{Y;Xf,Cn{Y-Xf) {Cn+i{Y;X),Cn{Y;X)) 

is a homology epimorphism in degrees 2* < n. However, this map is homotopic to 
the stabilisation map Sb on pairs, and so is relatively nullhomotopic, which means 
the homology of the pair {Cn+i{Y; X),Cn{Y] X)) vanishes in degrees 2* < n as 
required. 

4.2. Corollaries. Theorem 14. 1 1 has several immediate corollaries in group homol- 
ogy, only using Euclidean spaces for Y. For any group G there is a homotopy 
equivalence C„(M°°; BG) ~ B(Tin I G) coming from the homotopy fibre sequence 

map({l, n}, BG) = BG^ C„(]R°°; BG) C„(M°°; *) = 

Corollary 4.6. The map T,nlG ^ T,n+ilG is a homology epimorphism in degrees 
2* < n, and a homology isomorphism in degrees 2* < n — 2. 

Recall that Cn(M^; *) = B/Sn is a classifying space for Artin's braid group on n 
strands. 

Corollary 4.7. The map f3n l^n+i, given by adding a strand, is a homology 
epimorphism in degrees 2* < n, and a homology isomorphism in degrees 2* < n—2. 
Similarly for the groups (inlG, where the wreath product is formed using the natural 
homomorphism /3„ — )• S„ sending a braid to the permutation of its ends. 

Corollary 4.8. For any path connected space X, the map between homotopy quo- 
tients X'^ // Pn — > X'^^^ // I3n+i is a homology epimorphism in degrees 2* <n and a 
homology isomorphism in degrees 2* < n — 2. 

Remark 4.9. Note that C„(M2;5'1) ~ bR/3 „ is a classifying space for the ribbon 
braid group on n ribbons (as R/3n = Pnl"^), so in particular these groups have the 
above homology stability range. 
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These three coroharies are not new: m particular, they all follow directly from 
the work of F. Cohen [3], which in fact computes the homology of all the spaces 
involved: one may then simply observe the claimed stability ranges. Stability of 
the braid groups /3„ is originally due to Arnol'd [T]. 

4.3. Adding and removing punctures. In order to finish the proof of Theorem 
I4.H it is necessary to study the map py : CniY;X) — )• Cn(Yi;X) that adds a 
puncture to the manifold Y near the point y (z Y, and its natural partner, the 
map /i : C„(Yi; X) — )• Cn{Y; X) that fills in a puncture. The composition 

Cn{Y;X) ^ Cn{Y,;X) ^ Cn{Y;X) 

is homotopic to the identity, so studying the homological effect of one map is 
equivalent to studying the homological effect of the other. The main result of 
this section is that the relative homology groups H:^{Cn+i(Y; X),Cn{Y; X)) ex- 
hibit homological stability for adding and removing punctures, that is, the maps 
Rn{Y,b) — > Rn{Yi,b) — )• Rn{Y,b) are both homology equivalences in a range. 

Proposition 4.10. The relative homology groups H^:{Cn+i{Y; X),CniY; X)) ex- 
hibit homological stability for adding and removing punctures; more precisely, the 
maps Rn{Y,b) Rn{Yi,b) Rn{Y,b) are both homology equivalences in degrees 
2* < n + 1. 

Proof. Let D be the closed dim(y)-dimensional disc of unit radius, and choose an 
open embedding e : D ^ Y away from the point b. We will decompose the space 
Cn(Y;X) into a pair of open sets: let U C Cn{Y;X) be the subspace consisting 
of those configurations with a unique closest point in D to 0; let V C Cn{Y;X) 
be the subspace consisting of those configurations with no point in D at 0. The 
sets U and V give an open cover of Cn{Y] X). We identify the homotopy types of 
U, V and U DV as fohows. 

(i) There is a fibre sequence C„-_i(Yi; X) ^ U D x X, where the second map 
picks out the unique closest point in to and its label, and this fibration 
is trivial. 

(ii) There is a homotopy equivalence V = Cn{Y \0; X) ~ Cn(Yi;X). 

(iii) There is a fibre sequence Cn-iiYi; X) ^ U DV {D \ 0) x X , which is the 
restriction of the fibration in (i) and hence trivial. 

By excision, the homology of the pair 

{UUV,V) ~ (Cn{Y;X),Cn{Yr,X)) 

is canonically isomorphic to that of the pair 

(U, [/ n y) ~ Cn-i{Yr,X)+ AX+A{D,D\0). 

Then as the homotopy cofibre of /i : i?„(Yi; b) — > Rn{Y; b) can be identified with 
that of 

Sb : {Cn{Y;X),Cn{Yi;X)) {Cn+i{Y; X),Cn+i{Yi; X)) 
its homology can be identified with that of the homotopy cofibre of 

Cn-i{Yi;X)+ A X+ A Cn{Yi;X)+ A X+ A 

which is [^^^Y^J +dim(y ) > [^^y^J connected, bv applying Theorem l4.1l for n— 1. □ 
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Remark 4.11. This method of proving Proposition 14.101 is somewhat ad hoc, 
and the reader may have expected an approach where one resolves the map 
Rn(Yy) RniY) and proceeds by induction. This would certainly be a more 
coherent approach, but the author could not get it to work. 

5. Moduli spaces of surfaces 

We now move on to the main example of interest, moduli spaces of surfaces 
equipped with some tangential structure. Particular examples of these recover 
the mapping class groups of oriented or unoriented surfaces, Cohen-Madsen's [5] 
moduli spaces Sg^n{X) of surfaces in a background space, the Spin mapping class 
groups introduced by Masbaum [I71[2], as well as many other examples, some of 
which we will study in a future article [23]. 

Definition 5.1. We write for the orientable surface of genus g with r boundary 
components, and S*^ for the non-orient able surface of genus n with r boundary 
components (i.e. :^"MP^ \ D^). We write F for an arbitrary surface, S for an 
arbitrary orientable surface and S for an arbitrary non-orientable surface. 

In the remainder of this section we give a precise definition of the moduli spaces 
M^{F, 6) that we will be using, and describe models for stabilisation maps between 
them. In ^ we describe two semi-simplicial resolutions of the moduli spaces 
A4^(Tjg, 6), which will both need to be used in order to prove homological for these 
moduli spaces. In ^ we describe three semi-simplicial resolutions of the moduli 
spaces A4^{Sll, 6), which will all need to be used in order to prove homological for 
these moduli spaces. In ^we describe the notion of k-triviality for a tangential 
structure 9. This is the main condition we will require on 9 in order to prove 
that the moduli spaces of ^-surfaces exhibit homological stability, ^contains the 
statement of the general stability theorem, and gives a recurrence relation which 
computes the stability range. We also give solutions to this recurrence relation in 
the main cases of interest. In ^lOI -fTDwe give the proofs of the stability theorems, 
which is essentially a formal consequence of the definition of /^-triviality. In ^El 
we discuss homological stability for closing off the last boundary component of a 
surface. This must be treated by different methods, as the resolutions constructed 
use the boundary of a surface in an essential way. Instead, we show how to 
resolve moduli spaces of closed manifolds (of any dimension) by moduli spaces of 
manifolds with boundary. 

In order to precisely define the moduli spaces of manifolds we need to introduce 
the notion of a tangential structure 9, which is simply a Serre fibration : X ^ 
BO{d). We write BO{d) for the universal rank d vector bundle, and 0*7d 
X for the vector bundle classified by 9. Given a d-dimensional vector bundle 
V ^ B, let Bun(y, 6**7^) denote the space of bundle maps (that is, fibrewise linear 
isomorphisms) in the compact-open topology, and call it the space of 9 -structures 
on V. 

Remark 5.2. The space Bun(y, 0*7^) is homotopy equivalent to any of the more 
usual definitions of spaces of ^-structures. In particular it is homotopy equivalent 
to the space of pairs (/ : i? — >■ X, (/p : f*9*jd = V) of a, continuous map from B 
to X and a vector bundle isomorphism between the bundle 9*^d pulled back to B 
and V. 
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If -F is a d-manifold, possibly with boundary dF (in which case we choose once 
and for all a collar [0, 1) x dF ^ F), and S : TF\qp — >■ 6**7^ is a fixed ^-structure 
on the tangent bundle over the boundary of F, let 

Bnna{TF,e*-fd;S) 

denote the space of those bundle maps which agree with S when restricted to the 
boundary. 

Define the topological group Diff^(F) to be those diffeomorphisms of F which 
fix pointwise the collar [0, e) x dF ^ F, equipped with the C°° topology. Let 
Diffa(F) denote colim. ^^oDiSQ{F) , and define the moduli space of 9 -manifolds of 
topological type F with boundary condition S to be the homotopy quotient 

M^F-S) := Bun9{TF,e*-fd;d)//DiS9{F). 

This space carries a smooth F-bundle 

£''{F;6) := Buna{TF,e*jd;S) x F//Diffa(F), 

where the group acts diagonally. The bundle F —> £^{F;S) — >■ M^{F;5) is the 
universal smooth F bundle equipped with a ^-structure on its vertical tangent 
bundle satisfying the boundary condition S on each fibre. 

It will be convenient to sometimes omit the notation S and write simply M^{F) 
to mean A4^{F; S) for some unspecified S. 

A point-set model for this moduli space may be described as follows. Given an 
embedding e : dF ^ {0} x R°° , let 

Emb^(F, [0,1] xR~;e) 

denote the space of embeddings (given the Whitney C°° -topology) which agree 
with the cylindrical embedding Id x e : [0, e) x dF ^ [0, e) x R°° on the thin collar 
[0, €)xdF<-^ F. Let 

Emba(F, [0, 1] X R°°; e) := colime-^oEmb^(F, [0, 1] x R°°; e). 

The space Emb| has a continuous action by the topological group Diffg(F), and 
Diffa(F) acts continuously on Embg and we may define 

M^(F; S) := Emba(F, [0, 1] X M~; e) Xj,is,iF) Buns{TF, e*-fd; S) 

as a particular model for the moduli space. Note that e is chosen from the con- 
tractible space Emb(5F, R°°), so changing it does not affect the homotopy type 
of this space and we may ignore it. 

Definition 5.3. Let us say boundary conditions S, S' : TF\qp — )• 6*jd for F are 
isomorphic if they lie in the same path component of 'Bun{TF\QF,9*^d)- In this 
case a choice of path 6t between them is called an isomorphism and determines a 
homotopy equivalence 

^i6t) : M\F;6) ^ M\F;5') 
by gluing on to F a copy of dF x [0, 1] with ^-structure given by the path 5t. 
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5.1. Gluing. We are interested in manifolds of dimension 2. Suppose we have a 
surface with boundary condition {F,S : TF\qf — >■ ()*ld)^ and suppose furthermore 
that there are chosen boundary components diF, djF, a diffeomorphism : diF = 
djF and an isomorphism of boundary conditions (p : {S\q^f)°t — '^*{^\djF), where 
T : TF\g^F — >■ TF\g^F is the involution that fixes vectors along diF and inverts 
vectors orthogonal to it. 

Let F' be the surface obtained from F by attaching a cylinder [0, 1] x to F 
via {0} X ^ diF and {1} x ^ {0} x ^ diF a^F. There is then an 
injection DiSg{F) Diffg(F') given by extending diffeomorphisms by the identity 
over the cylinder. The cylinder admits a ^-structure compatible with 5 under this 
identification, using (p. Let 5' be the boundary condition on F' given by 5 on all 
the boundaries except the i-th and j-th. Then there is a Diffg(F)-equivariant map 

Buna{F;5) Buiia{F';5') 

given by extending a bundle map over the cylinder using (p. Taking the homotopy 
quotient gives a continuous map 

T{tP, ip) : M\F- 5) M\f'- 5'). 

In particular, if we have two surfaces with boundary conditions (-F, 5 : TF\qf 
e*-fd) and {F',5' : TF'\qf' 0*jd), along with the data : diF ^ djF' and 
ip : [5\q^f) ° T = iIj* {5'\q.f') then there is a gluing map 

M\F;5) X M\F'-5') ^ M\F^F';5W5')^^^^ M\F U F';S U S') 

where FUF' is the union of the surfaces along ■0, and 5uS' is the induced boundary 
condition. Similarly, we can glue more than one pair of boundaries together at a 
time. 

5.2. Stabilisation maps. Suppose we have two surfaces with boundary condi- 
tions {F,S : TF\qf 0*7d) and {F',S' : TF'\qf' 9*Jd), and a some identi- 
fied boundary components dF ^ 9o ^ dF' . This determines a diffeomorphism 
between the images of these embeddings, ip : dgF = d^F' . Suppose also that 
{^\doF) o T = i^* \daF') , SO we may take ip = Id. Then choosing a ^-structure 
i : TF' 0*7 extending 5' determines a map 

M\f- 5) M\F UF'-5U 5') 

which we call a stabilisation map. 

It will be convenient to have a second model for stabilisation maps. Suppose 

that (F, 5) is a surface with boundary condition, and that we have identified a pair 
of embedded intervals e : {0, 1} x [0, 1] ^ dF in the boundary of F. Choosing a 
6'-structure I on [0, 1] x [0, 1] extending that defined over {0, 1} x [0, 1] by e*{5) 
determines a map 

(7(e,^) :M\F-5) ^ M\f' = FUe [0,1] x [0,1]; (5'). 

Note that F' will have corners, and these need to be smoothed. We remark that 
all stabilisation maps in the first model arise (up to isomorphism of boundary 
conditions) via iterating this construction. 

(i) If the intervals lie on different boundaries of F (and if F is orientable, the 
intervals are coherently oriented in the sense that there is an orientation of 
F which restricts to the standard orientations of each interval) we denote 
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this stabilisation map a*-^, where the relevant boundaries are the i-th and 
j-th. This has the effect of gluing on a pair of pants to the i-th and j-th 

boundaries of F 

(ii) If the intervals both lie on the i-th boundary and arc coherently oriented 
we denote it This has the effect of gluing on a pair of pants to the i-th 
boundary of F 

(iii) If the intervals both lie on the i-th boundary and are oppositely oriented we 
denote it This has the effect of gluing on a Mobius band with a disc 
removed to the i-th boundary of F. 

There is a final stabilisation map: if the i-th boundary component of F has a 

0-structurc which bounds a disc, we may choose such a 0-disc and glue it to F to 
produce a F' with one fewer boundary components. We denote this map by 7*. 

Definition 5.4. If the 6'-structure e*S is equal on {0} x [0,1] and {1} x [0,1], 
there is an i which is constant along the first coordinate direction. Call such a 
stabilisation map a trivial stabilisation. 

Let {F,5 : TF\qp 0*7) be a surface with boundary condition. Let (a : 
[0, 1] ^ F,u : a*TF — ^ 9*'^) be an arc in F between points 60, 61 G dF, with 
a ^-structure u on the arc which restricts to a*{5\i,.) at each {i}. Let F' be the 
surface obtained by cutting F along the arc a([0, 1]), and 5u be the new boundary 
condition on dF' induced by 5 on the old part and u on the new part of the 
boundary. Then there is a trivial stabilisation 

au:M\F'-5y)^ M\F-5) 

given by identifying the two intervals in dF' on which the ^-structure is given by 
u. Up to isomorphism of boundary conditions, all trivial stabilisation maps occur 
in this way. We write a^, /5„ and so on, when the stabilisation map is of this type. 

6. Resolutions for orientable surfaces 

6.1. The handle resolution. Let 60,61 be a pair of fixed points on a single 
boundary component of E, and fix a choice of orientation of the boundary com- 
ponent containing the 6j, which induces an orientation of S. Write A = ^bo^bj = 
Emba([0, 1], S) for the space of embeddings of arcs in S from 60 to 61. Let 
HiT^y C consist of tuples (oq, ...,aj) such that 

(i) the aj are disjoint except at their end points, 

(ii) cutting along all the arcs aj does not disconnect S, 

(iii) the ordering oq, ...,0^, the clockwise ordering of the arcs at 60 and the an- 
ticlockwise ordering at 61 all agree. Note that the notions of clockwise and 
anticlockwise ordcrings make sense as we have an orientation of E coming 
from the orientation of a boundary. 

Define 

n\^]5y := Hi^^y X Buna(rE,r72;5)//Difra(E) 

where the group acts diagonally. The maps dj : H{T,y — > if(E)*^^ given by 
forgetting the j-th arc induce maps dj : ^^(S; Sy — >■ 'H^(E; dy~^, and there is also 
a map ^^(E; Sy — >■ A1^(E; Sy given by forgetting all arcs. 
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Proposition 6.1. — )■ A4^{T,;6) is an augmented semi-simplicial space. 
The homotopy fibre \\H{J:)'\\ of p^(S;(5)'|| ^ X^(S;(5) over a 9-surface {M,i) 
is (g{T,)— 2) -connected. In particular this gives a {g(T,) — 1) -resolution of 6). 

Proof. That it is an augmented semi-simplicial space is immediate. That ||i?(S)*|| 
is the homotopy fibre of 6)*\\ — t- 5) follows by the discussion in ^2.51 

We may form the semi-simplicial set iTQHiT,)* by taking levelwise sets of path 
components. This is precisely the semi-simplicial set associated to the complex 
BqCE) of Ivanov [Hj, which he has shown to be homotopy equivalent to a wedge of 
(g(E) — l)-spheres. We include a proof of this fact as Theorem lA.ll in Appendix [Aj 
where we deduce it from a theorem of Harer. Given this, it is enough to show that 
||7ro-ff(S)*|| is a homotopy equivalence. We will do this by showing 
it is a levelwise homotopy equivalence, that is, that each has contractible 

path components. 

This relies on a theorem of Gramain [101 Theoreme 5] which we rephrase here: 
let F be a compact surface with boundary, and xq, xi be distinct points on dF. Let 
P(([0, 1], 0, 1), (F, xo, xi)) denote the space of smooth embeddings / : [0, 1] — )• F 
sending 0, 1 to xq, xi respectively and being disjoint from the boundary otherwise, 
equipped with the C°° topology. Then this space has contractible components. 

Note that our H{Tj)^ is a union of path components of Gramain's space of 
arcs P{{[0, 1], 0, 1), (S, 6o , and hence has contractible components. The maps 
do : H{T.y H{T.y^'^ are fibrations by [22], and the fibres can be identified with 
a union of path components of Gramain's space -P(([0, 1],0, 1), (E',5o,6i)) where 
S' is a surface obtained from S by cutting along i arcs. As inductive hypothesis 
we may suppose H{T,y~^ has contractible components, and by Gramain's theorem 
so does the fibre, so HiT^y does also. □ 

Let H{Tiy be the spaces defined similarly to HiY^y, except by disjoint embed- 
dings of {i + 1) "lenses" Lj, j = 0, ...,i, 




Figure 2. A lens. 

with their corners at bo and bi respectively, such that the core arcs satisfy the 
conditions (i) - (iii) above. There is a continuous map H(T,y — )• given by 

restricting to the core arcs, and this is a homotopy equivalence as each arc in E 
has a contractible space of thickenings to a lens. There is a map 

i 

H{Y.y X Buna(rS,r72;5) A [] Bun9(TF,-, 0*72; (^|bo , '^[fei ) =: 

j=0 

that restricts the bundle map of the tangent bundle of S to the [i + 1) lenses 
defined by a point in HiY^y . This map is Diffg(S)-invariant, and hence descends 
to a map 
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where 'hP{Y^\5Y is defined in the same way as but using H{T,y instead 

of H{T,)\ 

Let us define Xi := U}=o-^J' ^ point u : TXi 6**72 in Af- Points in 

the fibre of the map tt over u consist of (i + 1) lenses in S along with a ^-structure 
on S that is fixed on these lenses to be u. The group Diffa(S) acts transitively on 
the space H{T,y of lenses in S, so we can identify the homotopy quotient of the 
fibre by this group as 

Bunaux,(rS, e*j2; S U u)//StabDiffa(E)(^i S). 

This stabiliser subgroup is equivalent to Diffg(E\Xj), and BrniQux^TT,, 0*72; SUu) 
is equivariantly homeomorphic to Jiung{TT, \ Xi,9*'j2',S U du), where du is the 
boundary condition induced by u on the boundary of Xi. Thus this space is by 
definition M\^\Xi;6U du). 

Proposition 6.2. There is a homotopy equivalence ?{^(E^+^; (5)* ~ 5)* 
and a homotopy fibre sequence 

meaning that the homotopy fibre over each point u of the base is of the homotopy 
type claimed, for some 5' that depends on u. 

Proof. The homotopy equivalence is clear, as Hijiy Hijiy is a Diff'''(S)- 
equivariant map and a homotopy equivalence. We have shown in the discussion 
above that this homotopy fibre of the map is A^^(E^+^ \ Xj; 5 U du). An Euler 
characteristic calculation using the conditions (i) - (iii) that define elements of 
H{Wg+^y shows that S^+i \Xi^ S^iji^^ and the result follows. □ 

We will occasionally be slightly imprecise and freely interchange %^{17g^^\5y 
and THP iJYg^^ ; 5y , so for example say that there is a homotopy fibre sequence 

M'{Tr+J+\-5') 'H\^+^;Sy ^ Af. 
This should not lead to confusion. 

6.2. The boundary resolution. Let bo, hi be a pair of fixed points on different 
boundary components of S, and fix a choice of orientation of S. As before, write 
A = vl6o,bi = Emba([0, 1], S) for the space of embeddings of arcs in S from 60 to 
bi. Let S(S)* C A'''^^ consist of tuples (oq, ...,0^) such that 

(i) the aj arc disjoint except at their end points, 

(ii) cutting along all the aj does not disconnect the surface, 

(iii) the ordering ao,...,ai, the clockwise ordering of the arcs at bo and the anti- 
clockwise ordering at bi all agree. 

Define 

B^{i:;6y := x Buna(rS, r72; J)//Diffo(S) 

where the group acts diagonally. The maps dj : B{T,)^ — > given by 

forgetting the j-th arc induce maps dj : 5)* I3^{T,; 5)*^^, and there is also 

a map Sy A^^(S; S) given by forgetting all arcs. 

Proposition 6.3. ;B^(S;(5)* A4^{T.;S) is an augmented semi-simplicial space. 
The homotopy fibre \\B{T.)'\\ of \\B%T.; S)* \\ ^ M^T,; 5) over a 6 -surface (MJ) is 
(g'(E) — 2)-connected. In particular this gives a (^(S) — l)-resolution 0/ A4^(S; S). 
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Proof. We again use the theorem of Gramain [10\ Theoreme 5] to identify the fibre 
with the complex Bq{Ti) of Theorem lA.ll □ 

As in the last section, there are analogous spaces B^Ey and B^{Il;6y defined 
using lenses in T, instead of arcs. 

Proposition 6.4. There is a homotopy equivalence B^(Tj;6y ~ B^(Tj;6y and a 
homotopy fibre sequence 

meaning that the homotopy fibre over each point u of the base is of the homotopy 
type claimed, for some 6' depending on u. 

Proof. As in Proposition 16.21 To compute the topological type of surfaces the 
moduli space given by the fibre parametrises, note that after cutting out (i + 1) 
arcs of the type described above, we obtain S^l*: cutting a single arc reduces Euler 
characteristic by 1, and decreases number of boundaries by one. The ordering 
condition implies that the remaining arcs now start and end at the same boundary 
component, so we are now in the situation of Proposition 16. 2^ so lose one genus 
and gain one boundary per remaining arc. □ 

7. Resolutions for non-orientable surfaces 

The case of non-orientable surfaces is slightly more complicated than the ori- 
entable case, due to the following fact: cutting a non-orientable surface 5*^ along 
an arc starting and ending on the same boundary component can produce either 
Sn-i or S^~^2 {or even an orientable surface), depending on whether the arc is 
orientation reversing or not. Thus slightly more care is needed. Let us give some 
definitions which will be useful to describe the various possibilities. 

Definition 7.1. An oriented point b on the boundary of a non-orientable surface 
S is a point along with a choice of unit tangent vector along the boundary of S. 

If bo, bi are oriented points on the same boundary component doS of S, say they 
are coherently oriented if the orientations of OqS induced by the tangent vectors 
at bo and bi agree. Say they are oppositely oriented otherwise. 

If a is an arc in S between oriented points bo, 6i, a normal orientation of a is 
a choice of unit normal vector field. Say a admits a normal orientation coherent 
with its endpoints if there is a normal orientation of a which restricts at the bi to 
their orientations. 

Disjoint arcs aj between oriented points 6o; ^i can be ordered at each point bi in 
the following way: the tangent space of S at bi has a canonical orientation coming 
from the inwards normal vector and the chosen orientation of the boundary at 6j. 
We can thus discuss the clockwise and anticlockwise orderings of the aj at each 
bi. 

7.1. The Mobius band resolution. Let bo, bi be a pair of fixed coherently 
oriented points on a single boundary component of S, and write A = A^g^bi = 
Emba([0, l],^) for the space of embeddings of arcs from bo to bi. Let M{Sy C 
^4*+-^ consist of tuples (oq, -.-^ai) such that 

(i) the arcs Oj admit a normal orientation coherent with their endpoints, 

(ii) the Oj are disjoint except at their end points. 
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(iii) cutting along all the aj leaves a connected non-orientable (or genus 0) surface, 

(iv) the ordering ao,...,ai, the clockwise ordering of the arcs at bo and the anti- 
clockwise ordering at 61 all agree. 

Define 

M\S;5y := M{Sy x Buna(T5, 0*72; (5)//Diffa(S)) 

where the group acts diagonally. The maps dj : M{Sy — )• M(S')*~^ given by 
forgetting the j-ih arc induce maps dj : A4^{S;6y {S; 6y~^ , and there is 

also a map 7W^(5;(5)* — )• A4^ {S;S) given by forgetting all arcs. 

Proposition 7.2. A4^{S;6)* — )■ A4^{S;6) is an augmented semi-simplicial space. 
The homotopy fibre ||M(5)'|| of \\M'^ {S; 6y\\ ^M^{S;6) over a 6 -surface {M,i) 
is ([ "^'^3 ^ connected. In particular this gives a y^^^^] -resolution ofM^{S;6). 

Proof. We use the theorem of Gramain [101 Theoreme 5] to identify the fibre with 
the complex Cq{S) of Theorem \A.2\ which is shown there to have the correct 
connectivity. □ 

As before, there are analogous spaces M{Sy and A4^{S; 5y defined using lenses 
in S instead of arcs. 

Proposition 7.3. There is a homotopy equivalence A4^{S;6y ~ A4^{S;6y and 
a homotopy fibre sequence 

meaning that the homotopy fibre over each point u of the base is of the homotopy 
type claimed, for some 6' depending on u. 

Proof. We must just check what topological type of surface can be obtained by 
cutting the surface along (i + 1) arcs of the type described above. Cutting along 
the first arc reduces the Euler characteristic by one, but preserves the number of 
boundary components as the ends of the arc are compatibly oriented. Thus it 
reduces the genus of the surface by one. Cutting along subsequent arcs does the 
same, by the ordering criterion, so we obtain S'^„j„^. □ 

7.2. The handle resolution. Let 69, 61 be a pair of fixed oppositely oriented 
points on a single boundary component of S, and write A = ^feo^b^ = Emba([0, 1], S) 
for the space of embeddings of arcs from bo to bi. Let H{Sy C A^^^ consist of 
tuples (ao,...,ai) such that 

(i) the arcs aj admit a normal orientation coherent with their endpoints, 

(ii) the Oj are disjoint except at their end points, 

(iii) cutting along all the aj does not disconnect the surface, 

(iv) the ordering ag, ...,aj, the clockwise ordering of the arcs at bo and the clock- 
wise ordering at 61 all agree. 

Define 

n\S;5) := H{Sy x BungiT S, 9* -f2; 5) //DiS 9(8) 

where the group acts diagonally. The maps dj : H{Sy — )■ H{Sy^^ given by 
forgetting the j-th arc induce maps dj : T-L^{S; 6y — )• T-L^{S; 6y~^, and there is also 
a map T-L^{S; 6y — )■ ^^^(5*; 6) given by forgetting all arcs. 
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Proposition 7.4. T-L^^S-jd)* — >■ A4^{S;6) is an augmented semi-simplicial space. 
The homotopy fibre \\H{S)'\\ of \\n^{S;6)'\\ over a O-surface {M,i) 

is homotopy equivalent to a wedge o/([^^^J — l)-spheres. In particular this gives 
a ([^J - l)-resolution of M%S-5). 

Proof. We use the theorem of Gramain [TU] to identify the fibre with the complex 
Dq{S) of Theorem I A. 31 which is shown there to have the correct connectivity. □ 

As before, there are analogous spaces H{Sy and 1-L^{S]5y defined using lenses 
in S instead of arcs. 

Proposition 7.5. There is a homotopy equivalence 'H^{S;6y ~ T-L^{S]5y and a 
homotopy fibre sequence 

meaning that the homotopy fibre over each point u of the base is of the homotopy 
type claimed, for some 6' depending on u. 

Proof. We must just check what topological type of surface can be obtained by 
cutting the surface 5^ along + arcs of the type described above. Cutting along 
the first arc reduces the Euler characteristic by one, and increases the number of 
boundary components by one, as the ends of the arc are oppositely oriented. 
Thus it reduces the genus of the surface by two and we obtain S'^^g- Cutting 
along subsequent arcs does the same, by the ordering criterion, so we obtain 

nr+i+l |— 1 
•^n-2{i+l)- '-' 

7.3. The boundary resolution. Let h^^bi be a pair of fixed oriented points on 
different boundary components of S, and write A = ^feo,f,i = Emba([0, for 
the space of embeddings of arcs from 6o to hi. Let B{Sy C A^'^^ consist of tuples 
(oo, ...,04) such that 

(i) the arcs aj admit a normal orientation coherent with their endpoints, 

(ii) the Oj are disjoint except at their end points, 

(iii) cutting along all the Oj does not disconnect the surface, 

(iv) the ordering oq, Oj, the clockwise ordering of the arcs at 60 and the anti- 
clockwise ordering at 61 all agree. 

Define 

B\S;5y := B{Sy x Buna(TS, r72; <5)//Diffa(5) 

where the group acts diagonally. The maps dj : B{Sy B{Sy^^ given by 
forgetting the j-th arc induce maps dj : B^{S; 6y — )• B^{S; 5y~^ , and there is also 
a map B^{S; 6y Ai^{S; S) given by forgetting all arcs. 

Proposition 7.6. B^{S;6)' — )• A4^{S;5) is an augmented restricted simplicial 
space. The homotopy fibre \\B{S)'\\ of \\B^ {S; 5)*\\ — >■ A4^{S;6) over a 6-surface 
{M,£) is ([-"Y^J — 2)-connected. In particular this gives a ([-y^J — \)-resolution 
ofM'iS;6). 

Proof. We use the theorem of Gramain [ini Theoreme 5] to identify the fibre with 
the complex Eo{S) of Theorem \A.4\ which is shown there to have the correct 
connectivity. □ 
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As before, there are analogous spaces B{Sy and B^{S;dy defined using lenses 
in S instead of arcs. 

Proposition 7.7. There is a homotopy equivalence B^{S;6y ~ B^{S;6y and a 
homotopy fibre sequence 

meaning that the homotopy fibre over each point b of the base is of the homotopy 
type claimed, for some 6' depending on b. 

Proof. We must just check what topological type of surface can be obtained by 
cutting the surface S^'^^ along {i + 1) arcs of the type described above. Cutting 
along the first arc reduces the Euler characteristic by one, and reduced the number 
of boundary components by one, as the ends of the arc are on different boundary 
components. Thus it does not change the genus of the surface, and we obtain S^. 
The remaining i arcs now have ends on the same boundary component and give 
an element of H{S^~^y~^ , by the ordering criterion. Thus each subsequent arc 
reduces the genus by two and we obtain iS^^gi- ^ 

8. /^-TRIVIALITY OF ^-STRUCTURES 

Suppose we resolve 7W^(S^; 6) with the boundary resolution where 6o is on the 
first boundary and bi is on the second boundary. After gluing a strip between 
these two boundaries using a pair of intervals e : {0, 1} x [0, 1] ^ disjoint 
from the bi, this gives the handle resolution of Ai^{'Eg'^\;6') with bQ,bi both on 
the first boundary, so we get a semi-simplicial map 

which is a resolution of the stabilisation map : 7V4^(E^;(5) A4^{T,^g^\;6'). 
Let us write for the pair 6'), 6)), and {a')g for the resolution 

of pairs. 

Similarly, suppose we resolve with the handle resolution where bo 

and bi are on the first boundary. After gluing a strip to the first boundary using 
a pair of intervals e : {0, 1} x [0, 1] ^ (9S^ in such a way as to separate 6o and bi, 
this gives the boundary resolution of 7V4^(Sg+^; (5') with bo on the first boundary 
and bi on the second, so we get a semi-simplicial map 

which is a resolution of the stabilisation map fi"^ : A4^(S^; 6) A4^(Tj^g'^^; 6'). Let 
us write PI for the pair 5'), A^^S^; 5)), ^^.^r f^j. ^-^^ resolution of 

pairs. 

Note that by Propositions 16.21 and 16.41 there are fibrations of pairs 

(8.1) f^;^' {a% K, 

and 

(8.2) a^g^_!tA <■ 

When i = 0, let us write f5'^g~^/u and a^ll/u for the respective homotopy fibres 
over a point u ^ A^. 
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The notion of /c-triviality which we are about to introduce concerns only the 
very bottom of these resolutions. In each of the diagrams below, we call the top 
composition an elementary stabilisation map. 



Taking the disjoint union of the elementary stabilisation maps for one u in each 
path component of A^ gives 

(8.3) H Pl-'/u 

[«]G7roA» 

and 

(8.4) n a^tl/u 

Example 8.1. Consider the tangential structures given by the maps B0{2) 
B0{2) and BSO{2) B0{2), so either no tangential structure at all or orien- 
tations. These structures have the property that giving a boundary condition on 
a single boundary component of a surface induces a unique (up to isomorphism) 
boundary condition on the remaining boundaries and the interior of the surface. 

The elementary stabilisation maps are the vertical maps in the following dia- 
grams, 

fll '"■■■^ 

By the above remark, the boundary conditions 6 and must be isomorphic in each 
case, so there exist dotted isomorphisms of boundary conditions. Furthermore, for 
these tangential structures a stabilisation map is determined (up to homotopy) 
by which boundary components it glues a pair of pants to. Hence the dotted 
maps make all the triangles commute up to homotopy, and so give a relative 
nullhomotopy of the vertical maps. 

We may then make the following definition. 

Definition 8.2. The tangential structure 6 on orientable surfaces is k-trivial if 
all A;-fold compositions of elementary stabilisation maps are nullhomotopic. Such 
compositions simply correspond to stacking the diagrams of Example 18.11 upon 
each other k times. 

Thus the example above shows that B0{2) BO{2) and BS0{2) BO {2) 
are both 1-trivial. 

8.1. fc-triviality for non-orientable surfaces. Suppose we resolve M^{S'^;6) 
with the boundary resolution where is on the first boundary and bi is on the 
second boundary. After gluing a strip between these two boundaries using a pair 
of intervals e : {0, 1} x [0, 1] ^ dS^^"^ disjoint from the hi, this gives the handle 



(a°) 



0\r 
9 



PI 



PI 
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resolution of AA^ {81^2^6') with 60,61 both on the first boundary, so we get a 
semi-simphcial map 

which is a resolution of the stabilisation map a^"^ : M^{S^; 6) A4^{Slj^\; 6'). Let 
us write a"^ for the pair {M^{Sl^'^\;6'),A4^{S^;6)), and (a*)^ for the resolution 
of pairs. 

Similarly, suppose we resolve M^{S^;6) with the handle resolution where 60 
and 61 are on the first boundary. After gluing a strip to the first boundary using 
a pair of intervals e : {0, 1} x [0, 1] ^ (9S^ in such a way as to separate 60 and 61, 
this gives the boundary resolution of Ai^{S^'^^;6') with 60 on the first boundary 
and 61 on the second, so we get a semi-simplicial map 

which is a resolution of the stabilisation map : Ai^{SJ^; 6) 7W^(S'^+^; 6'). Let 
us write for the pair {M^iS^^^; 6'),M^{Sn; 6)), and for the resolution of 

pairs. 

Finally, we may resolve A^^(S'^;5) with the Mobius band resolution where 60 
and 61 are on the first boundary. After gluing a Mobius band in so as to not 
invert the relative orientations of 60 and bi, we obtain the Mobius band resolution 
of Ai^ {S^^i, 5'), so get a semi-simplicial map 

which is a resolution of the stabilisation map fi^ : M^{S^;6) — > {S^_^_i; 6') . 
Let us write fi"^ for the pair (A4^(5^_^|; 5'), 5^)), and for the resolu- 

tion of pairs. 

Note that by Propositions 17.31 17.51 and 17.71 there are fibrations of pairs 
(8.5) {a% Al 

(8-6) {P'Yn Al 

and 

(8.7) if^Tn Al 

When i = 0, let us write aJ^'tV'" ^^"^ /^n-i/^ respective homotopy 

fibres over a point n S tIq. 

For non-orientable surfaces, as well as elementary stabilisation maps coming 
from {a^)n and {f3^)n as in the orientable case there are also elementary stabilisa- 
tion maps coming from {l/')n 

fJ-n-l/u (/)n 



M ^ K 

which assemble to give 



JJ ^J■n-l/u > (/)^ > ^ln■ 
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Definition 8.3. The tangential structure 9 on non-orientable surfaces is k-trivial 
if all the fe-fold compositions of elementary stabilisation maps coming from a and 
f3 are nullhomotopic. 

The tangential structure 9 on non-orientable surfaces is k-trivial for projective 
planes if all the /c-fold compositions of elementary stabilisation maps coming from 
fj, are nullhomotopic. 

Example 8.4. It is easy to see that the tangential structure 9 : BO{2) — > BO{2) 
on non-orientable surfaces is also 1-trivial and 1-trivial for projective planes, by 
an argument similar to that of Example 18.11 

8.2. Proving /c-triviality. Let us describe briefly what is involved in proving 
that a tangential structure is /c-trivial. For simplicity let us suppose that k = 2K 
is even and that we are resolving a map of type a between orientable surfaces. 
Then we are required to produce the dotted map in the following diagram, making 
each triangle commute up to homotopy. 



PI \ »l\ 

We have added on the right a schematic picture of the stabilisation maps and 
boundary conditions involved. Although it is not required, it is often easiest to 
produce the dotted map as a stabilisation map, corresponding to gluing on a 
surface equipped with some ^-structure (satisfying the boundary conditions 

{D,A + B)). Let us call such a 0-surface Sa- Then commutativity of the diagram 
of stabilisation maps simply corresponds to the equations 

Sa o = TiR Tjb ° Sa = Si 

holding, where = means that the ^-surfaces are in the same path component of 
the relevant moduli space. 

Definition 8.5. When k > 1, we say 9 is strongly k-trivial if there are always 
diagonal stabilisation maps making both triangles homotopy commute. Of course, 
strong ^-triviality implies fc-triviality. 

Remark 8.6. Any 1-trivial ^-structure is strongly 2-trivial, so all the examples we 
have seen so far are strongly 2-trivial. 

Of course, the left and right surfaces in our schematic picture do not have inde- 
pendent ^-structures on them, but it is not easy to describe the relation between 
their ^-structures in any generality. In practice (see the companion paper [23] in 
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which we prove 4-triviahty for several tangential structures) it is often easier to 
forget any relation between the ^-structures of the left and right surfaces except 
that o = o Sb, and show: 

Proposition 8.7 [k = 2K). Let us be given any 9-surfaces Til, Y,^, T,b, '^t with 
boundary conditions {A + B,C, D, E + F) as depicted in the figure above. Suppose 
that the 9 -structures on S-p oY^i and oT,b are isomorphic (i.e. in the same 
path component of the relevant moduli space). 

If there is always a 9-surface Sa with underlying surface and boundary 

conditions {D,A + B) such that Sa o St = and T,b o Sa — S^, then 9 is 
strongly k-trivial for maps of type a. There is a similar statement for maps of 
type 13. 

Proposition 8.8 {k = 2K + 1). Let us be given any 6-surfaces Til, ^r, '^b, '^t 
with boundary conditions {A + B,C, D + E, F) as depicted in the figure below. 
Suppose that the 9-structures on St^oS/, and TiroTib are isomorphic (i.e. in the 
same path component of the relevant moduli space). 

If there is always a 9-surface Sa with underlying surface S^^^ and boundary 
conditions {D + E,A + B) such that Sa o — S/j and o Ea — S/,, then 9 
is strongly k-trivial for maps of type a. There is a similar statement for maps of 
type 13. 




These propositions imply strong fe-triviality of maps of type a and (3 for both 
orientable and non-orientable surfaces. For non-orientable surfaces there is also a 
condition for maps of type /i to be strongly /c-trivial, which the reader may easily 
formulate. 

8.3. Formal /c-triviality. There is a condition on the path components of the 
moduli spaces that implies strong fc-triviality, but which usually delivers a far from 
optimal k. As the slope of the stability range we will produce depends on A;, this 
usually gives a far from optimal stability range. However, for some purposes it is 
enough to know merely the existence of a stability range (for example, to apply 
the methods of [8] to identify the stable homology of Ai^{F), as we demonstrate 
in [23]), and in those cases it is easy to check this condition. We formulate the 
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condition for orientable surfaces: the reader will immediately see the changes that 
must be made for the non-orientable case. 

Definition 8.9. Let us say a ^-structure becomes constant at genus i if the maps 
a{g) and I3{g) are isomorphisms on ttq for all g > i, and epimorphisms for all 
g>£-l. 

Proposition 8.10. Suppose 9 becomes constant at genus i. Then it is strongly 
k-trivial for k := max(2, 21 + 1). 

Proof. Let us suppose ^ > 0, as the remaining case is similar. We will verify the 
conditions of Proposition ElSl Let us be given the 0-surfaces E/,, Tjr, E^, T,t with 
boundary conditions {A + B^C,D + E.,F), and such that o S/, = S/j o S^. 
The proposed Sa is an element of AA^ {T^f^"^; D + E,A + B), whose set of path 
components fits into the commutative diagram 

MM'i^^+l, D + E,A + B))^ 7To{M'{^^+';D + E, C)) 

7:o{M'{Y.]+^;F,A + B)) 7ro{M\j:lXl;F,C)). 

The only conditions on [Sa] is that it should map to [S/j] under the horizontal 
map and [S^] under the vertical map, so it is enough to show that such an el- 
ement exists. But [Sjj] and [S/,] map via isomorphisms to the same element in 
7ro(7W^(S^^^; F, C)), so choosing any [Sa] mapping to [S^] by the horizontal map 
(which we can do as the top map is surjective) works, because the bottom map is 
bijective. The case of maps of type /? is similar. □ 

9. The stability theorems 

9.1. Caveat. Whatever tangential structure 9 we have in mind, there are impor- 
tant differences between orientable and non-orientable surfaces. One should not 
attempt to prove a stability theorem which mixes the two, and one should be wary 
of trying to prove stability for closing the last boundary, as the following example 
indicates. 

Proposition 9.1. Let 9 = ld: B0{2) BO{2). The maps 
are not monomorphisms on H2{ — ;Q) for g ^ 0. 

Proof. There is a homotopy equivalence ~ ^r^ i with the classifying 

space of the (orientation preserving!) mapping class group of Sj. It is known that 
for large genus H^iTg^i; Q) has rank one, generated by the first Mumford-Morita- 
Miller class ki. There is a homotopy equivalence {S2g^i) — BM2g+i,i with the 
classifying space of the unoriented mapping class group of S\g_^i. It is known [25] 
that for large genus this group only has rational cohomology in degrees divisible 
by 4. This shows the first map is not a monomorphism on second homology. 

There is a homotopy equivalence M^{Tig) ~ BiVg x Z/2) = BViTig) with the 
classifying space of the unoriented mapping class group of . It is easy to check 
that the change of orientation map Z/2 acts as {±1} on H'^{Tg;Q) = Q(ki), so 
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i?2(r(Sg);Q) = 0. This shows the second map is not a monomorphism on second 
homology. □ 

9.2. Stability of Hq. A necessary condition for a family of spaces to exhibit 
homological stability is that their sets of path components (or alternatively, their 
zeroth homology) stabilises. This will be one of the two requirements of our 
stability theorem: the other is that the tangential structure should be fe-trivial for 
some k. 

Definition 9.2. In the context of orientable surfaces, say a tangential structure 
6 stabilises at genus h if all the maps 

a{g) : Ho{M'{^1+')) i7o(M'(S^+i)) 

are epimorphisms for g > h. 

In the context of non-orientable surfaces, say a tangential structure 6 stabilises 
at genus h if all the maps 

a(n) : Ho{M'{S:+')) Ho{M\s:^,)) 

Pin) : Ho{M\s:)) H^{M\s:+^)) 

are epimorphisms for n > h. Say a tangential structure 9 stabilises at genus h for 
projective planes if all the maps 

are epimorphisms for n > h. 

9.3. Statement of the stability theorems. The functions F, G and H in 
the statement of the following theorems are described in the following section, 
where we give recurrence relations for computing them. A simple analysis of these 
recurrence relations shows that the functions F, G and H all tend to infinity: they 
are non-decreasing, and it is easy to see there cannot be a point after which all 
the functions must remain constant. 

Theorem 9.3. Let ^ : X ^ BO{2) be a tangential structure that stabilises at 
genus h and is k -trivial. Then 

(i) a{g)^ : H^{M^{Tig)) is an epimorphism for * < F{g) and 

an isomorphism for * < F[g) — 1. 
(a) (3{g)^, : F*(7W(i;p) is an epimorphism for * < G{g) and 

an isomorphism for * < G{g) — 1. 
(Hi) 7(5)* : -> H.^,{Jvf{T^y'^)) is an isomorphism for * < G{g) and 

an epimorphism in all degrees, as long as r >2. 

Theorem 9.4. Let : X — ^ BO{2) be a tangential structure that stabilises at 
genus h and is k-trivial. Then 

(i) a(n)* : H^{M^{S^)) — >■ H^{M^ {S'^'^\)) is an epimorphism for * < F{n) and 

an isomorphism for * < F{n) — 1. 
(a) /3(n)* : H^{M^{Sn)) is an epimorphism for * < G{n) and 

an isomorphism for * < G{n) — 1. 
(Hi) 7(n)* : i?*(A1^(-S'^)) — )■ H^{M^ {S^~^)) is an isomorphism for * < G{n) and 
an epimorphism in all degrees, as long as r >2. 



RESOLUTIONS OF MODULI SPACES 



31 



If 9 stabilises at genus h' for projective planes and is k' -trivial for projective planes, 
then 

(iv) /i(n)^, : H^{M.^ {Sl^)) — > ff*(A1^(S'^^_]^)) is an epimorphism for * < H{n) and 
an isomorphism for * < H[n) — 1. 

Stability for closing the last boundary component off is quite subtle, and requires 
some extra notation that we shall not introduce yet. We give the statement and a 
discussion of examples in ^12t typically when there is stability for closing the last 
boundary component, it is in the same range as the penultimate boundary. 

Remark 9.5. Both of the above theorems hold in slightly more generality: integral 
homology i?* can be replaced by any connective homology theory /i* . This follows 
from the above by the Atiyah-Hirzebruch spectral sequence. 

Remark 9.6. Note that if a stabilisation map /? creates a new boundary component 
whose boundary condition bounds a disc, then it has a right inverse by gluing 
in that disc, and hence is injective in all degrees on homology. This increases 
the range in which it is an isomorphism by 1. For tangential structures such as 
BO{2) B0{2), BSO{2) BO{2), and these along with maps to a simply- 
connected background space, all boundary conditions bound a disc, and so all /3 
are injective in homology. 

Similarly, whenever a stabilisation map 7 is not closing the last boundary com- 
ponent, it has a left inverse /?, and so is surjective in all degrees on homology. 

9.4. Recurrence relations for orientable surfaces. In the case of orientable 
surfaces, we wish to find functions F, G : N — ?> N such that 



and it will be convenient to simultaneously find functions X, y : N ^ N such that 



We suppose that all these functions are non-decreasing, and increase at most 1 
at each step. We will show in ^lUl that any functions satisfying the following three 
conditions also satisfy the above conditions. 

9.4.1. Conditions from stabilisation of Hq. If 9 stabilises at genus h then we obtain 
the inequalities 



(F) 








* < F{g) 



(G) 






32 



OSCAR RANDAL- WILLIAMS 



9.4.2. Conditions from connectivity of the arc complex. We require that 

If X{g) > 1 then X{g) < g, 
If Y{g) > 1 then Y{g) < g - I. 

This is only a condition for surfaces of very low genus, as X and Y will be essen- 
tially linear of slope less than 1. 

9.4.3. Conditions from the inductive step. We require the functions to satisfy 

X{g) < mm{Y{g - 1) + 1, F{g - 1) + 1, G{g) + 1), 
Y{g) < mm{X{9 - 2) + 1, F{g - 1) + 1, G{g - 1) + 1). 

Furthermore for k = 1, 

F{g) < X{g), 
G{g)<Y{g), 

and for k > 1 

F{g) < min(X(5 + 1 - r|l), ^(^ + 1 - L|J)), 
G{g)<mm{Xig-[l\),Yig + l-\l])). 

9.5. Recurrence relations for non-orientable surfaces. In the case of non- 
orientable surfaces, we wish to find functions F,G, H : N ^ N such that 

(F) ^*K) = *<F(n), 

(G) HM) = *<G(n), 

(H) HM) = *<H{n), 

and it will be convenient to simultaneously find functions X, y, Z : N ^ N such 
that 

(X) hJ H /3;-Vnj isepi * < X{n), 

\[n]e7roAe / 

(Y) hJ H a;_2/nj ^F,(/3;) isepi *<Y{n), 

VMSTroAg / 

(Z) hJ H fil^,/u\ ^H^ifil) isepi *<Z{n). 

We suppose that all these functions are non-decreasing, and increase at most 1 
at each step. We will show in fJTTJthat any functions satisfying the following three 
conditions also satisfy the above conditions. 
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9.5.1. Conditions from stabilisation of Hq. If stabilises at genus h then we obtain 
the inequahties 

F{n),G{n),X{n),Y{n) >0 for n > h. 
If 6 stabihses at genus h' for projective planes then we obtain the inequalities 

H{n),Z{n) > for n > h' . 
As a convention we define all the functions to be —1 for n < h (or h' respectively). 

9.5.2. Conditions from connectivity of the arc complex. We require that 

If X(n) > 1 then X{n) < [f J, 
If Y{n) > 1 then Y{n) < [§J - 1, 
If Z(n) > 1 then Z(n) < [fj. 

For X and Y this is only a condition for surfaces of very low genus, as these 
functions will be essentially linear of slope less than 1. For Z this is an important 
condition. 

9.5.3. Conditions from the inductive step. We require the functions to satisfy 

X{n) < min(y(n - 2) + 1, F{n - 2) + 1, G{n) + 1), 
y(n) < min(X(n - 4) + 1, F{n - 2) + 1, G{n - 2) + 1), 

Z{n) < H{n-2) + 1. 

Furthermore if 6 is A:-trivial for k = 1, 

F{n) < X(n), 
G{n) < Y{n), 

and for k > 1 

Fin) < min(X(n + 2-2[|]),y(n + 2-2[|j)), 
Gin) < min(X(n-2[|j),y(n + 2-2[|])). 
Finally, if 6 is /c'-trivial for projective planes 

Hin) < Zin-k' + 1). 

9.6. Oriented surfaces. We consider the tangential structure 6 : BSOi2) 
-60(2). The moduli spaces of oriented surfaces are always path connected, and so 
stabilise at genus 0. By Example 18. 11 this tangential structure is 1-trivial. 

It is easy to verify that Fig) = Xig) = [^J and Gig) = Yig) = [f J 
give an optimal solution to the recurrence relations of ^9.41 with h = and k = 1. 
Furthermore, all boundary conditions on orientable surfaces bound a disc, so /3((7)* 
is always injective. Thus: dig)* is an epimorphism for 3* < 2g + 1 and an 
isomorphism for 2>* <2g — 2; (iig)* is an isomorphism for 3* < 2g and always a 
monomorphism; 7(5)* is an isomorphism for 3* < 2g and always an epimorphism, 
as long as one is not closing the last boundary component. We will see in §12] that 
in fact 7((7)* is always an isomorphism for 3* < 2g, even for the last boundary 
component. 

This stability range coincides with the range recently obtained by Boldsen |3] 
for surfaces with boundary, and improves it slightly for closing the last boundary. 
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9.7. A remark on sharpness. Let us discuss how sharp this stability range is 
for oriented surfaces, where the moduli space ^A~^{'Eg■,^) is homotopy equivalent 
to the classifying space of the mapping class group BTg^r- We assume familiarity 
with the Mumford-Morita-Miller classes 

Morita [19] has shown the classes ki, K|^g/3j generate the tautological algebra 
(that is, the algebra generated by the Kj) in H*{Ad~^{Tig)] Q). It is also known by 
the Madsen-Weiss theorem [IB] that stably i/*(A4+(S^); Q) ^ H*{M+{T.^); Q) ^ 
Q[ki, K2, ...]. We have maps 

which are natural for Miller ~Mor it a-Mumf or d classes. By Morita's theorem K^g/3j+i 
is algebraically dependent on the lower Kj in the cohomology of M.~^{Tjg), and so 
also in the cohomology of It is not dependent on the lower Ki in the 

cohomology of A^^(S^), and so the stabilisation map Sqo cannot be surjective on 
rational (hence integral) homology in degree 2([|J + 1). Thus any stability range 
(for oriented surfaces) given by functions F{g), G{g) must satisfy 

min(F(5),G(5)) <2LfJ + l. 

The range we obtain for oriented surfaces satisfies va.m.{F{g),G{g)) = [^J, so is 
optimal when g = 2 mod 3. 

9.8. Unoriented surfaces. We consider the tangential structure 6 : B0{2) 
B0{2). The moduli spaces of unoriented surfaces are always path connected, and 
so stabilise at genus 0. By Example 18. H this tangential structure is both 1-trivial 
and 1-trivial for projective planes. 

It is easy to verify that F{n) = X{n) = [f J + e2(n), G{n) = Y{n) = [^J + 
€Q{n) and H{n) = Z[n) = [^J solve the recurrence relations for k = k' = 1 and 
h = h' = 0, where ei{n) is 1 if n = i-\-6k, k > 0, and otherwise. Furthermore, all 
boundary conditions for this tangential structure bound a disc so li{g)* is always 
injective. Thus: n{n)^ is an epimorphism for 3* < n and an isomorphism for 
3* < n — 3; a(n)* is an epimorphism for 3* < n + 3e2(n) and an isomorphism 
for 3* < n + 3{e2{n) — 1); f3{n)^: is an isomorphism for 3* < n — 1 + 3eQ{n) and 
a monomorphism in all degrees; 7(?^)* is an isomorphism for 3* < n — 1 + 3eQ{n) 
and an epimorphism in all degrees, as long as one is not closing the last boundary 
component. We will see in ^121 that in fact 7(n)^, is always an isomorphism for 
3* < n — 1 + 3e6(n), even when closing the last boundary component. 

This stability range improves on the previously best known range, due to Wahl 
[25] , which is of slope 1/4. 

9.9. Background spaces. Given a tangential structure : X ^ B0{2), let us 
consider the new tangential structure 6 x Y = 9 o m : 'K xY BO (2) for a path 
connected space Y. If we denote the corresponding moduli spaces by A4^^^ {F; 5), 
then up to isomorphism of boundary conditions we may always assume that after 
picking a point q on each boundary component diF, 6 sends each q to a basepoint 

* G y. 

Proposition 9.7. Let : X — ^ BO{2) be a tangential structure which is strongly 
k-trivial and stabilises (for orientable or non-orientable surfaces) at genus h. Let 
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Y be a simply connected space. Then 9 xY := Oottx. : ^xY —?■ B0{2) is strongly 
meix(2,k) -trivial and stabilises at genus h. 

Similarly, suppose 6 is strongly k' -trivial for projective planes and stabilises 
at genus h' for projective planes. Then 9 x Y is strongly ma,x{2,k') -trivial and 
stabilises at genus h' 

Proof. Let us first show that the path components of A4^^^ (F) stabihse at the 
same genus as those of Ai^{F). Without loss of generahty we may assume that 
the "maps to y part of a boundary condition for 9 x Y is the constant map to 
a basepoint * G y, so that boundary conditions are of the form 6 x {*} with 6 a 
boundary condition for 9. There is a natural fibration sequence with section 

(9.1) map(F, dF; Y, *) 7W^^^(F; 6 x {*}) M\F- 5) 

and so an exact sequence of sets 

* ^7ro(map(F,aF;y,*)) ^ TTQiM^""^ {F)) tto{M'^ (F)) ^ *. 

If F = S is non-orientable then ^o(map(F, dF; Y, *)) = H2{Y)/2H2{Y) = H2{Y; Fa), 
and we have the exact sequence of sets 

* H2{Y;¥2) MM'^'^'iF)) MM\F)) *, 

so if 7ro(A^^(F)) stabilises at genus k, then so does ^^{M^^^ {F)). 

If F = S is orientable then 7ro(map(F, 9F; y, *)) = 'K2iY) = H2{Y), and we 
have the exact sequence of sets 

* H2{Y) 7ro(A^^^^(F)) MM'iF)) *. 

So if 7ro(7W^(F)) stabilises at some genus then so does 7ro(A^^^^(F)), as the maps 
on bases of these exact sequences of sets are epimorphisms and maps on fibres are 
isomorphisms (unless we are stabilising a disc by attaching a Mobius band, which 
gives H2{Y) — 7> H2{Y;¥2) on fibres which is not an isomorphism, but is in any 
case an epimorphism, which is enough). 

Let us now show that if 9 is strongly A:-trivial for k > 2 then so is ^ x y. Given 
diagrams as in ^8.2l we have to produce a diagonal stabilisation map, or what is the 
same thing, a ^ x y-surface Sa satisfying the necessary compatibility conditions. 

Such a diagram has an underlying diagram of ^-surfaces, and by assumption we 
can find a ^-surface satisfying the necessary compatibility conditions. Thus 
we are only required to produce a map T,'^ Y making the "maps to Y" part of 
the diagram commute. The "maps to y" part oi a 9 x y-structure on a surface is 
determined by an element of H2{Y) (or H2{Y;¥2) if the surface is non-orientable, 
but let us suppose we are dealing with orientable surfaces in the remainder of the 
proof). Thus there are classes [^r], [^b], Pt] G H2{Y), such that 

Define [Sa] := [^l] — [^b], and let Sa denote the 9 x y-surface with underlying 
0-surface S'^ and map to Y given by [Sa] G H2{Y). It is simple to verify that 
this Sa gives the required diagonal stabilisation map. □ 

As a concrete example, the tangential structure 9 : BS0{2) xY^ BO (2) 
and a boundary condition 5 on where all the boundary is sent to a basepoint 
in y gives A^^(S^;(5) ~ 5g,,.(y). The tangential structure BSO{2) BO{2) 
stabilises at genus and is strongly 1-trivial, so 9 stabilises at genus and is 
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strongly 2-trivial. It is easy to verify that F{g) = Y{g) = [-§-\ , G{g) = [ J 
and X{g) = [^^^J solve the recurrence relations for /i = and k = 2. Thus: 
a{g)^, is an epimorphism for 3* < 2g and an isomorphism for 3* < 2g — 3; P{g)* 
is an epimorphism for ?>* < 2g — 1 and an isomorphism for 3* < 2g — 4; ^{g)* 
is an isomorphism for 3* < 2*7 — 1 and always an epimorphism, as long as one is 
not closing the last boundary component. We will see in N12I that in fact 7(5')* 
is always an isomorphism for 3* < 2g — 1, even when closing the last boundary 
component. 

This stability range coincides with the range recently obtained by Boldsen [3] 
for surfaces with boundary. 

9.10. A remark on non-simply connected background spaces. Let us con- 
sider the simplest non-simply connected background space we could use, Y = S"^ . 
From the fibration sequence (|9.ip we see that ■KQ{Sg^r{S^)) = H^{Tjg, c?S^; Z)/r(Sp 
where r(S) = 7ro(Diffa(S)) is the mapping class group of S. Furthermore, the 
exact sequence of abelian groups 

— - H°{d^) H\^,dj:i) 1?^ 

Z U -L^s^-"-^ ► 1?9 ^ 

defines a canonical trivial r(Sp-submodule 17^^ of Z) with quotient 

module Z^^, on which r(Sp acts through its surjection onto the symplectic group 
Sp2g{1)- One can check that the set of orbits 1?^ / Sp2g{^) is in natural bijection 
with the natural numbers, via the S'p2g(Z)-invariant map gcd : 1?^ — )■ N. Thus 
there is a natural exact sequence of pointed sets 

so as a set the components of Sg^r{S^) are naturally independent of g but not 
of r. One might hope, as the author does, that the spaces Sg^r{S^) still exhibit 
homological stability for the map Sg^riS^) <Sg+i,riS^) which attaches a torus 
with trivial map to 5^, as it can be shown that this induces a bijection on Hq. 
Furthermore, attaching a torus with non-trivial map to can be shown to not 
induce a bijection on Hq. In the current framework the natural hypothesis is 
stability of path components for all stabilisation maps, no matter what tangential 
structure is chosen on the new torus. 

Galatius and the author |9j have been able to identify the homology of the direct 
limit 5oo,i('S'-'^), where one stabilises by attaching the torus 1 € N = 7ro(5i^i(S'^)), 
without making use of homological stability. It would be most surprising if there 
were not some underlying homological stability statement; the author intends to 
investigate this matter in a future paper. 

10. Proof of stability for orientable surfaces with boundary 

Definition 10.1. Let us write Ay to denote the statement "Equation (A) of ^9.41 
holds for all g < y" . 

Suppose that the conditions of Theorem 19.31 hold: the moduli spaces of 6- 
surfaces stabilise at genus h and are A:-trivial. Then ifo(ap = HQ{f3g) = for 
all g > h, so certainly the statements and hold, and consequently A/j and 
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Y/i hold too. This starts an induction and the following theorem provides the 
inductive step, and hence implies Theorem l9.31 We leave it to the sceptical reader 
to convince themselves that these implication do indeed give an inductive proof. 

Theorem 10.2. Suppose the hypotheses of Theorem \9.3\ hold, then there are im- 
plications 

(i) Xg and Yg =^ Fg, 

(a) Yg and Xg^l =^ Gg, 
(Hi) Fg^l, Gg and Yg^l =^ Xg, 

(iv) Fg^l, Gg-l and Xg^2 =^ Yg. 

Recall that we have resolutions of pairs 

{a-Yg iP'Tg 

and by Propositions 16.21 and 16.41 there are fibrations of pairs 

(10.1) f^r+r-l ^ ^^iy^ ^ 

and 

(10.2) al+J+l ^ {(5% ^ Al 

L 

It is also convenient to define 



When i = 0, let us write l3g ^ ju and a^l}/n for the respective fibres over u E APq. 



Proof of Theorem \10.2\ (i) and (ii). We have that is fc-trivial: suppose for sim- 
plicity that k = 2K is even. For all g' < g, the maps 

are homology epimorphisms in degrees * < X{g') and * < Y{g') respectively 
(when Xgi and Yg' hold respectively). Composing them with each other k = 2K 
times we obtain a nuUhomotopic map 

]J ag_j^/ui,...,Uk — > ]J /3^Z^+i/ui,...,Ufc_i — >■■■ — > ttg 

[Mi],...,[ufc]Gag [iii],...,[Mfe_i]Gag 

which is a homology epimorphism in a range of degrees. Supposing Xg and Yg-i 
hold, this range is given by the range in which the first two maps are homology 
epimorphisms (as it increases for each subsequent pair of maps), which is 

mm{y{9-K+l),X{g-K+l)) 

which by construction is at least F(g). The cases of k odd and the resolution of 
/3g are identical. □ 

Lemma 10.3. Suppose Gg. Then 

is a homology epimorphism in degrees * < G{g — s) + 1, and both groups are trivial 
in degrees * < G{g — s). 
Suppose Fg^i. Then 
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is a homology epimorphism in degrees * < F{g 
trivial in degrees * < F{g — s — 1). 



s — 1) + 1, and both groups are 



Proof. This is immediate from the relative Serre spectral sequence for the fibra- 
tions (jlO.ip and ()10.2p . and the vanishing range for the homology of the fibres 
implied by the statements Gg and i^g-i- □ 

Proof of Theorem \10.2\ (Hi). We study the spectral sequence (|RAsSSp for the aug- 
mented semi-simplicial space (a*)^ cXg, for which we write Ej^. The spectral 
sequence converges to zero in total degrees s + t < g — 1, by the connectivity of the 
resolutions, and we wish to draw a conclusion about the column s = —1, t < X{g), 
so s + t < X{g) — 1. Thus we require that X{g) < g, but this is guaranteed by 
one of the conditions on the function X. 

The previous lemma identifies Ejf as zero for t < G{g — s) and a quotient 
of Ht{U^l-t~^) for t < G{g - s) + 1. Recall that X{g) < G{g) + 1, and as 
G{g) < G{g — s) + s, (as the function G increases by at most 1 at each step) it 
also follows that X{g) < G{g — s) + s + 1 for all s > 0. As Gg holds, a chart of 
the £^^-page of the spectral sequence is given on the left of Figure [3l 



i^r' Pi-^ C-i PT-i 

X{g)m # • • 



P7 



-1 



"9-2 



T + 2 



"9-2 



Figure 3. 



In Figure [31 a solid dot denotes an unknown group, the absence of a dot denotes 
the zero group, and a grey dot denotes elements in the image 

[ni],...,[Ui,+i],[-ii]6ao [Mi],...,[us+i]Ga^ 

; 

which as ^-i holds certainly occurs for t < Y{g — s) < Y{g — 1) — s -|- 1, hence 
t + s< Y{g — 1) -|- 1, so in particular t + s< X{g) < Y{g — 1) -|- 1 as indicated in 
the figure. 

Thus the augmentation map is surjective in degrees * < X{g) modulo the 
images of the higher differentials coming from the grey dots. We will show that 
these differentials are zero (as they factor through the augmentation map), so that 
the augmentation map is indeed surjective in this range of degrees. 

Consider the map / = {au,(3u) '■ Y[[u]eaf, Pg^^ /"^ ~^ ™d the induced map 
on resolutions. We have given on the right of Figure [3] a chart of the spectral 
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sequence of the resolution of a single (3g ^/n, and it looks the same for a union 
of them. Note that X{g) < F{g - 1) + 1 and F{g - 1 - s) > F{g - 1) - s, so as 
Fg^i holds this gives the vanishing line in the second chart. Note that the map / 
lifts to the space of 0-simplices in the resolution of (because it is the space of 
0-simplices). Let us write E^^ for the spectral sequence of the first space, so the 
vanishing line implies that the group E'^x{g)-s consists of cycles until E'^~^^^^_^^. 
The fact that / lifts to the 0-simplices means that the induced map of spectral 
sequences is zero on the s = — 1 column for all pages r > 2. We then have the 
following diagram, where the vertical maps are induced by /. 



2) 



E, 







© 



s,X{g)-s 



E. 



1 

s,X{g)-s 



Note ® is an epimorphism as Yg^i holds, and (2) is an epimorphism as the right 
hand square commutes, so it follows that the top dg+i differential is zero, as 
required. □ 



Proof of Theorem \10.2\ (iv). We study the spectral sequence (|RAsSSp for the aug- 
mented semi-simplicial space — )> f3g, for which we write Ej^. The spectral 
sequence converges to zero in total degrees s + t < g — 2, by the connectivity of the 
resolutions, and we wish to draw a conclusion about the column s = —1, t < Y{g), 
so s + t < Y{g) — 1. Thus we require that Y{g) < g — 1, but this is guaranteed by 
one of the conditions on the function Y. 

The previous lemma identifies El^ as zero for t < F{g — s — 1) and a quotient 
of HtiU /3g^r^) for t<F{g-s-i) + l. Recall that Y(g) < F{g - 1) + 1, and 
as F{g — s) < F{g — 1) — s + 1, (as the function F increases by at most 1 at each 
step) it also follows that Y{g) < F{g — s) + s for all s > 0. As Fg^i holds, a chart 
of the -E^-page of the spectral sequence is given on the left of Figure |H 



PI alt\ 
Y{g)» * • • • 



„r + l ar or+1 or+2 or+3 

Og-l Pg-1 Pg-2 Pg-3 Pg-4 



1 1 h 

-10 12 3 



1 1 h 

-10 12 3 



Figure 4. 
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In Figure m a solid dot denotes an unknown group, the absence of a dot denotes 
the zero group, and a grey dot denotes elements in the image 

[ui],...\us+i],[u]&al [Mi],...,[«s+i]eao 

which as ^3-2 holds certainly occurs (when s > 1) for t < X{g — s — 1) < 
X{g — 2) — s + 1, hence t + s < X{g — 2) + 1, so in particular t + s < Y(g) and 
s > 1 as indicated in the figure. 

Thus the augmentation map is surjective in degrees * < Y{g) modulo the 
images of the higher differentials coming from the grey dots. We will show that 
these differentials are zero (as they factor through the augmentation map), so that 
the augmentation map is indeed surjective in this range of degrees. 

Consider the map / = {I3u,au) ■ Ufajga* '^3-1/'" ~^ l^g ™d induced map 
on resolutions. We have given on the right of Figure H] a chart of the spectral 
sequence of the resolution of a single and it looks the same for a union 

of them. Note that G{g -l) + l> Y{g) and G{g - 1 - s) > G{g - 1) - s, so as 
Gg-i holds this gives the vanishing line in the second chart. Note that the map / 
lifts to the space of 0-simplices in the resolution of (because it is the space of 
0-simplices) . Let us write E^^ for the spectral sequence of the first space, so the 
vanishing line implies that the group E^Y{g)-s consists of cycles until 
The fact that / lifts to the 0-simplices means that the induced map of spectral 
sequences is zero on the s = — 1 column for all pages r > 2. We then have the 
following diagram, where the vertical maps are induced by /. 

^-l,y(3) ^s,Y{g)-s ^s,Y(9)-s 

D j® 

Note (D is an epimorphism as Xg-2 holds, and (2) is an epimorphism as the right 
hand square commutes, so it follows that the top dg+i differential is zero, as 
required. □ 

11. Proof of stability for non-orientable surfaces with boundary 

The only difference in the non-orientable case is the proof for stabilisation with 
respect to Mobius bands, which is in any case only slightly different, and in fact 
slightly easier: the stabilisation maps a and /3 are in a sense "dual" , whereas the 
stabilisation map is "self-dual". 

Suppose that the conditions of Theorem 19.41 hold: the moduli spaces of 9- 
surfaces stabilise at genus h and are /c-trivial (or stabilise for projective planes at 
genus h' and are /c'-trivial for projective planes). Then //o(«n) = ^o{/^n) — 
all n > h, (or ffo(/^n) — ^ — certainly the statements and 

Gh (or Hhi) hold, and consequently Xfi and Yh (or Z^') hold too. This starts an 
induction and the following theorem provides the inductive step, hence implies 
Theorem 19.41 
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Theorem 11.1. Suppose the hypotheses of Theorem \9.4\ hold, then there are im- 
plications 
(i) Xn and Yn =^ F„, 
(a) Xn-2 and Gn, 

(Hi) Fn-2, Gn and Yn-2 =^ Xn, 

(iv) Fn-2, Gn-2 and Xn-^ =^ Yn. 
There are also implications 

(v) Zn^ Hn, 
(vi) Zn-2 and Hn-l Zn- 

The proofs of (i) - (iv) are identical to those in the last section and we omit 
them. Recall that we have a resolution of pairs 

and by Proposition 17.31 there are fibrations of pairs 

(11.1) {fl^n Al 

When z = 0, let us write fi'n-i/u for the fibre over u £ Aq. 

Proof of Theorem \ll.l\ (v). We have that 9 is fc'-trivial for projective planes. For 
all n' < n, the maps 

are homology epimorphisms in degrees * < Z{n'). Composing them with each 
other k' times we obtain a nullhomotopic map 

]J fln_k,/ui,...,Uk' > ]J ^^_fc,+i/Mi,...,'Ufc'_l 

[«i],...,[Mfe,]ea» [«i],...,[M^,_Jeag 

which is a homology epimorphism in a range of degrees. As Z„ holds, this range 
is given by the range in which the first map is a homology epimorphism (as it 
increases for each subsequent pair of maps), i.e. Z(n — k'), which by construction 
is at least H{n). □ 

Lemma 11.2. Suppose Hn-i- Then 

i/o(^f;^*(M;-s-i))^^*((/^^);) 

is a homology epimorphism in degrees * < H{n — s — 1) + 1, and both groups are 
trivial in degrees * < H{n — s — 1). 

Proof. This is immediate from the relative Serre spectral sequence for the fibration 
(jll.ip . and the vanishing range for the homology of the fibres implied by the 
statement Hn-i- □ 

Proof of Theorem \ll.l\ (vi). We study the spectral sequence for the augmented 
semi-simplicial space (/x*)^ — > /ij^, for which we write E^^. The spectral sequence 
converges to zero in total degrees s + t < [^J — 1, by the connectivity of the 
Mobius band resolution, and we wish to draw a conclusion about the column 
s = —1, t < Z{n), so s + 1 < Z{n) — 1. Thus we require that Z[n) < , but this 
is guaranteed by one of the conditions on the function Z. 

The previous lemma identifies E^^ as zero for t < H{n — s — 1) and a quotient 
of HtiU l^n-s-i) for * < H{n - s - 1) + 1. Recall that Z{n) < H{n - 2) + 1 and 
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As H(n) < H{n — s) + s (as the function H increases by at most 1 at each step) 
it also follows that Z{n) < H(n — s — l)+,s + l for all s > 0. As Hn-i holds, a 
chart of the -B^-page of the spectral sequence is given as the figure below. 



/^'n, P-'„-2 P-n 



-4 



Z(n) • 



• • • 



In the figure, a solid dot denotes an unknown group and the absence of a 
dot denotes the zero group. Thus the augmentation map is surjective in degrees 
* < Z{n). □ 

12. Manifolds without boundary 

In order to prove homology stability of Ai^{F) for surfaces F without boundary, 
we cannot use the resolutions of the previous two sections which use arcs with ends 
on the boundary of a surface. Instead, we will define a new resolution using discs 
in the surface, and resolve A4^{F) by moduli spaces of surfaces of the same genus 
but strictly more boundary components than F. The resolution is quite general, 
and exists for manifolds of any dimension and having any tangential structure. 

12.1. The disc resolution. Fix a d-manifold M, possibly with boundary, and 
let Ai^{M; 6) be the moduli space of ^-manifolds with underlying manifold diffeo- 
morphic to M and boundary conditions 5, as defined at the beginning of ^ Let 
D{My := Emb(]J*^Q Z)^, M) where D^, j = 0,...,i denote standard closed unit 
discs in R'^. 
Define 

V'^(M;6y := D{My x Bung (TM, 0*7^; 5) //Diff(M) 

where the group acts diagonally. The map dj : D{My — )• D{My~^ that forgets 
the j-th. disc induces a map dj : T>^{M\5y — )• P^(Af; (5)*~^, and there are maps 
V^{M;5y M%M;5) that forget all the discs. 

Proposition 12.1. 'D^{M;6)* — )• M^{M;6) is an augmented semi-simplicial 
space, and a resolution. 

Proof. We must show that ||P^(M;5)*|| Ai^{M;6) is a homotopy equivalence. 
Fix a point ^ G M'^{M;5). The maps D^(M;(5)* M'^{M;5) have homotopy 
fibre D{My over S,, so the homotopy fibre after realisation is ||Z)(M)*||, which we 
must show is contractible. 

It is convenient to replace ||L'(M)*|| by an equivalent semi-simplicial space 
whose space of i-simplices is the space of (i + 1) distinct points of M each equipped 
with a framing of the tangent space of M at that point. One may see that this 
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is equivalent by the fibration sequence over the total space of the frame bundle of 
M, 

* ~ Fib — > Emh{D'^, W^) ^ Fr{M) 

where vr is the map sending an embedding e to the image under De of the stan- 
dard frame at 0. That this map has contractible fibres follows by a scanning 
argument, similar to that which shows that the diffeomorphism group of an open 
disc is homotopy-equivalent to the orthogonal group. Call this semi-simplicial 
space F(M)V 

Suppose first that M has a boundary component d^M, and consider the spectral 
sequence (jsSSp for this simplicial space 

El, = Hs{Ht{F{M)-),d.) ^ Hs+t{\\F{M)'\\). 

Define a map s : F{My F{My^^ by adding a new framed point near d^M 
and declaring it to be the first point. This defines a chain contraction in positive 
simplicial degrees of the complex {Ht{F{M)'), d,), so E'^, is concentrated along 
s = and 

Ht{F{Mf) Ht{F{Mf) HtiWFiUyW) 

is exact. Thus it is enough to show that do — di is an epimorphism in positive 
degrees. Let X C M he a {d — l)-skeleton (so the inclusion is a homotopy equiv- 
alence, as M is not closed), and p £ M be a point not in X. Choosing a framing 
at p defines a map 

s : F{Mf\x ^ F(My x^(x,p) 

from the frame bundle of M restricted to X to F(M)^. Then do o s : F{M)^\x 
F{M)^ is the inclusion, so a homology equivalence, and dios : F[M)'^\x — ?> F{M)^ 
is the constant map p. Thus (do ~ ^^i) ° s is surjective on the homology of F{M)^ 
in positive degrees, so do — di is surjective on homology in positive degrees, and so 
if*(||F(M)* II) is trivial. It is easy to check that ||F(M)*|| is also simply connected, 
so it is contractible (although all we really require for our applications is that it 
is acyclic). 

Now suppose that M is a d-manifold without boundary, let D'^ ^ M be an 
embedded closed disc and define M = M — D'^ be the complement of the interior. 
Then M M induces an inclusion F{M)' F{M)'. In simplicial degree i we 
can identify the homotopy cofibre as V*^qF(M)*~^ x {Fr{M)\j^d, Fr{M)\Qj^d), or 
equivalents (F(M)*-i x (Fr(M)|^d, Fr(M)|9£,d)) >^ {0, The part coming 

from the frame bundle splits off as a constant factor, and we see that the levelwise 
cofibre is the semi-simplicial space 

(Fr(M)|^.,Fr(M)|a^.) A {F{M)',-' {0, .}). 

The second factor is just the construction of Appendix |B] applied to the semi- 
simplicial space F{M)'. The homotopy fibre of 

II . . . F(M)'+^ ^ F{My\\ A F{My'^ 

over some configuration of i framed points is simply ||-F(M — {i discs})* || which is 
contractible by the case treated above, as M has boundary. Thus by the discussion 
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in Appendix [HI 

|IF(M);-1 X {0, .., .}||* ~ S||F(M)'|| ^ * 

and so both F{M)* and the cofibre of F{M)' F{M)' have contractible reali- 
sation, so ||F(M)*|| ~ * as required. □ 

Relating the spaces V^{M] 5)* to M.^{M—{{i+\) discs}) is slightly complicated. 
Let Xi := ]J}^o Df and define the space 

Bf :=Bnn{TXi,e*jd) 
so there is a continuous map tt : V^{My Bf sending a tuple {{M' ,£), cq, ej) 
to IJj=o ^i'^- There is a continuous map 

TT : V\M;5y Bf x (Emb(X„ M)/Diff^(M) 



given by fr on the first factor, and the map which takes the ordinary quotient on 
the second factor. 

Lemma 12.2. If M is orientable there is a natural bijection 



Emb(Xi,M)/Diff^(M) 



[{±1}* dM 



If M is not orientable Emb(Xi, M)/Diff^(M) = *. 

Proof. If M is orientable with boundary, given two embeddings eo,ei : — ?> M 
there is an orientation-preserving diffeomorphism (p : M ^ M carrying eo to ei, 
after perhaps changing eo by a standard orientation-reversing involution on some 
discs of Xi. Thus the quotient is in bijection with the set of choices of orientation 
for each disc, so {±1}*"^^. If M has no boundary the same is true, except that 
now there is also an orientation-reversing diffeomorphism of M which acts as — 1 
on Emb(Xi,M)/Diff+(M) = {±l}*+\ leaving quotient in bijection with {±1}*. 

If M is non-orientable any embedding can be carried to any other by a diffeo- 
morphism: given the above discussion, to see this it is enough to show that eo can 
be changed by a standard orientation-reversing involution on one disc D'^ ^ M 
of Xi. This can be done by choosing an orientation-reversing loop based at the 
centre of D'^, and taking a diffeomorphism that drags along this loop. □ 

The map vr does not hit every path component: its image on path components 
defines a subset 

7ro(C7f(M)) C 7ro(Bf) x (Emb(X„ M)/Diff^(M) 
consisting of those pairs {i : TXi — )■ 0*7^, [e : — > M]) such that the diagram 

TX, — r7rf 

De 

TM ^ TM\qm 

has a relative extension. Let Cf{M) C Bf x (Emb(Xi, M)/Diff^(M)) be the union 
of those path components in 7ro(Cf (M)). 
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Proposition 12.3. There are homotopy fibre sequences 

(12.1) M\M - {{i + 1) discs}; 6') V\M; 6)' ^ Cf{M) 

meaning that the homotopy fibre over each point b of the base is of the homotopy 
type claimed, for some 5' depending on b. 

Proof. Before we take the homotopy quotient by Diffa(M), there is a Diffa(M)- 
invariant map 

D{My X Buna(rM, 0*7^; 5) Cf{M) 
which is a fibration. The fibre over a point b in the base consists of the data of 

(i) (i + 1) embedded discs in M with their relative orientations fixed by 6, 

(ii) a ^-structure on M that is fixed on the discs by b. 

The group Diffa(M) acts transitively on the set of embeddings of (^ + l) discs with 
fixed relative orientations, and the stabiliser group is Diffa(M \ Xi). The space 
of ^-structures on M fixed on the discs by b is homeomorphic to Bung (TM \ 
Xi, 9*'yd', S U db), so after taking the homotopy quotient of the fibres by Diffa(M) 
we obtain 

Buna(TM \ Xi,e*-fd; S U a6)//Diffa(M \ X^) M\M - {{i + 1) discs}; 6'). 

□ 

Given an embedding l : M ^ M' and a ^-structure on M' \ M that agrees with 
5 on dM and 5' on dM' , we obtain a simplicial map i* : V\M; 6)' V\M'; 6')' 
and for each i a map 

We will be interested in conditions on 9 which ensure that these maps are always 
bijections. One simplification is that we only need to check the condition in 
simplicial degree zero. 

Lemma 12.4. The maps 7ro((7f (t)) are bijections for all simplicial degrees i and 
all manifold inclusions i if and only if the maps 7ro(Co(i)) are bijections for all 
manifold inclusions l. 

Proof. There are natural epimorphisms 

Mc!{M))^MclAM)) 

given by forgetting the last disc, with point preimages all naturally in bijection 
with 7ro(C^(M \ U$=o ^'^))- The claim now follows by induction on i. □ 

12.2. Closing the last boundary. Let us return to the case of surfaces. We 
wish to analyse the stabilisation maps 7 : M^{F^]8) —f A4^{F) given by choosing 
a ^-structure on the disc extending a given one on the boundary (where this is 
possible) . 

Definition 12.5. Say that a tangential structure : X ^ B0{2) is closeable if 
whenever there is a stabilisation map 7 : 7W^(F^; 5) — > Mf{F), the induced map 

is a bijection. 
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Theorem 12.6. Let 9 be a tangential structure such that all the stabilisation 
maps j^^^ : Ai^ (F^^^) A4^{F^) are homology isomorphisms for * < G{F) and 
homology epimorphisms in all degrees, as long as r > (as in Theorem \9.3\ or 
[£3P. Let 7 : M'^{F'^;6) M^{F) be a stabilisation map which caps off the last 
boundary component, and suppose 9 is closeable. 

Then ^ is a homology isomorphism in degrees * < G{F) and a homology epi- 
morphism in degrees * < G{F) + 1. 

Proof. The map 7 induces a simphcial map 

7* : V\F^;6y V%F)' 

on disc resolutions, and we study the associated map of spectral sequences (jRsSSp . 
These are 

El/F^) = Ht{V\F^-5r) ^ Hs+t{M'{F^;5)) 

and 

El,{F) = Ht{V\Fy) ^ Hs+t{M\F)) 

On the E'^-page the map of spectral sequences is Ht{V^ {F^ ; 5Y) -> Ht{V^{Fy), 
which may be studied via the map of Serre spectral sequences for the fibrations 
(fTZTjl of Proposition [TO] 

HpiCsiF');H,iM\F'-^'))) Hp{Cs{F)- H,{M\F'+^))) 



H,^,iV'iF';5r) ^ H,+,{V\FY). 

By the assumptions of closability Cs(-F^) ^ Cs{F), so the map on E'^-pages is an 
isomorphism for q < G{F) and an epimorphism in all bidegrees. Thus the map 
on ii^°°-pages is an isomorphism in total degrees * < G{F) and an epimorphism 
in total degrees * < G{F) + 1. 

This shows that the map Elf{F^) EI^{F) is an isomorphism for t < G{F) 
and an epimorphism for t < G{F) + 1. By the same reason as above, this implies 
that the map on E^^-pages is an isomorphism in total degree * < G{F) and an 
epimorphism in total degree * < G{F) + 1 as required. □ 

12.3. Examples and non-examples. 

12.3.1. Oriented surfaces. Let us consider the tangential structure 9 : BS0{2) — )■ 
BO{2), so let S be an orientable surface. In this case ttq 

(So = {±1} as there 

are two orientations of Z)^ and 7ro(C^'^^^^(S)) C {±1} x (Emb(Xo, S)/Diff^(E)) 
is 

^ .^SO{2).^.^ f {(1,1), (-1,-1)} C {±1}2 E has boundary 
° ^ ^' |{(1,*),(-1,*)} C {±1} X {*} S has no boundary 

as there is always a unique orientation of S extending one specified on a disc in 
E. For E without boundary, the map C7o^^(^)(Ei)^Co^^(2)(E) is now easily seen 
to be a bijection: it sends (1, 1) to (1, *) and (—1, —1) to (—1, *). Thus Theorem 
112.61 applies: the map 7 : is a homology isomorphism 

in degrees 3* < 2g{Ti), and a homology epimorphism in degrees 3* < 2g{Ti) + 3. 
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12.3.2. Unoriented surfaces. Let us consider the tangential structure ^ = Id : 
BO{2) — )■ BO{2), and let S be a non-orientable surface. In this case the relevant 
set is MBo^"^^) X (Emb(Xo,5)/Diff^(S)) = * so tto{Cq^^\s)) = * for any non- 
orientable surface S, and so Theorem 112.61 applies: the map 7 : 

is a homology isomorphism in degrees 3* < n{S) and a homology epi- 
morphism in degrees 3* < n{S) + 3. 

12.3.3. Background spaces. Let us consider the tangential structure ^ x y : X x 
Y — > B0{2). If Y is connected then the forgetful map -Bq^^ — > Bq induces a bi- 
jection on path components and so 7ro(CQ^^(— )) is stable if and only if 7ro(Co (— )) 
is stable. Thus adding "maps to a simply connected Y" to oriented or unoriented 
surfaces as above still has stability for closing the last boundary component. 

12.3.4. A non-example. An important non-example is = Id : BO{2) — )• B0{2) 
for orientable surfaces, as remarked in Proposition 19.11 One may compute that 
7ro(Co^^')(S,)) = * but MC^^'\^)) = {±1}. 

More elaborately, note that if an orientable surface S has boundary then the 
forgetful map is a homotopy equivalence, whereas if it 

does not have boundary there is a fibre sequence 

This identifies ff*(A^*^(^)(Ilc,); Q) with the invariant subringQ[fi;i, K2, •••]^/^ (where 
the involution acts as 1— )• (— l)*Kj) up to degree 3* < 2g — 2. Thus the rational 
cohomology groups are independent of in a range, but the isomorphism is not 
induced by the maps 

One can manufacture a moduli space that maps to both the spaces Ai^^'^\T,g) and 
and exhibits this stability, but it is not of the type discussed in this 
paper (it is essentially the classifying-space of the group of diffeomorphisms of 
that either fix the boundary pointwise or induce a standard orientation-reversing 
involution on it). 

A. On COMPLEXES OF ARCS IN SURFACES 

In the body of this paper we have required information on the connectivities of 
certain simplicial complexes which are slight modifications of those discussed in 
the literature. The purpose of this appendix is to deduce information about the 
complexes we need from that available in [iTl [25] . It is included as an appendix 
as it may be of independent interest. 

A.l. Arcs in orientable surfaces. Let S be an orientable surface with bound- 
ary, and let bo, bi be distinct points on 9S. Let i?X(S, {60, &i}, {&o}) be Harer's 
simplicial complex [TT], whose vertices are isotopy classes of properly embedded 
arcs in S from 69 to 61, and a collection of such span a simplex if they have 
representatives which are disjoint and do not disconnect S. For any simplex 
a C BX{Ti, {bo, 61}, {60})) one can order the arcs clockwise at bo and anticlockwise 
at 61, and compare these orderings. Let BqCE) denote the subcomplex consist- 
ing of those simplices where these two orderings agree. If bo,bi lie on the same 
boundary component, this is the complex of the same name of Ivanov [Hj and we 
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recover his theorem on its connectivity. We are grateful to N. Wahl for suggesting 
the fohowing Une of argument. 

Theorem A.l. Bq{T,) is {g — 2)-connected. 

Proof. Note that the theorem is clearly true for 5 < 1 , as then the complex is either 
empty or discrete (so a wedge of copies of S^). Thus we proceed by induction on 
9- 

Recall that Harer has shown that BX{T,, {bo,bi}, {bo}) is homotopy equivalent 
to a wedge of copies of 5'25-2+9^ where d is the number of boundary components 
containing the bi. His proof was slightly incomplete, but has been fixed in [25| . 
For k < g — 2 lei f : ^ Bq{T,) be a continuous map, which we may assume to 
be simplicial for some triangulation of S^ and / : D^+^ {60,^1}, {^o}) 

be a nullhomotopy in BX{T,, {bo,bi}, {bo}), which we may again suppose to be 
simplicial for some triangulation of D^^^. We will show that / can be chosen to 
lie in Bq{Y,). 

Note that the vertices of a simplex a C BX{T,, {bo, bi}, {bo}) are totally ordered, 
with the order given by the induced ordering at bo- Thus it makes sense to talk of 
the front p-simplex or back g-simplex of a. For each simplex a C D^^^, we may 
compute the maximal number v{a) such that the orderings at 60 and 61 agree on 
the first v vertices of a. 

We may decompose a simplex a C D^~^^ uniquely as * where is the 
face on the first v{a) vertices of a, and is the face on the remaining vertices. 
Note that v{a^) = and /(cr^) lies in Bo{Ti). Thus it is enough to fix all simplices 

with v{a'^) = 0, which we call a fully bad simplex. Let be a maximal (under 
inclusion of faces) fully bad simplex. 

Let S\fT* be the surface obtained by cutting along the vertices of cr^. Note that 

5(S\a^)>5(S)-I^^| 

as 

(i) if 60 and bi lie on a single boundary component, the most genus that can be 
lost by cutting along |(T^| arcs is \(t^\, and this happens precisely when the 
arcs are correctly ordered, 

(ii) if 60 and bi lie on different boundary components, then given \a^\ arcs, cutting 
along the first arc does not reduce the genus, but joins the two boundary 
components together, and cutting long the remaining arcs loses at most one 
genus per arc. 

On the cut surface Tj\a^ there are multiple copies of both bo and bi, but we can 
single out a preferred copy of each as the copies that lie on the boundary of S \ 
at the interface of dT, and the new boundary coming from the first arc of a^. We 
claim that there is a commutative diagram 

Link(^7'') ^ BX{^, {bo, 61}, {60}) 

So(E \ a') ^ i?X(S \ a\ {bo, 61}, {60}). 

That / lifts canonically to the complex BX(T,\a^ , {bo, bi}, {bo}) follows as for any 
a C Link((T*), v{a * u^) = \a\ as otherwise there are more arcs that can be added 
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to (T^ to keep it fully bad. Thus the arcs of a, when considered to lie in S \ <t^, 
must start and end at the preferred copies of 60 > ^i- In fact this canonical lift lies 
in Bq{Ti \ a^) as a C Link(cr^) means that v{a) = \a\, so a consists of correctly 
ordered arcs. 

The complex Bq{T, \ a^) is \ a^) — 2)-connected by hypothesis, and we may 
compute 

5(S \ a^) > - \a^\ >k- \a^\ + 2 

and so A; — |o"*| + 1 < g{T,\a^) — 2 and the downwards vertical map is nullhomotopic. 
Write F : D*^-k'l+2 ^ ^^(s \ o-^) for a nullhomotopy. 
We now define 

f*F:da'* - St{a') BX{^, {bo, h}, {bo}) 

a modification of / on the star of a^. The new simplices are of the form a * /? for 
a C a proper face, and /3 mapping through Bo{Ti \ a*) to BX(E, {bo, 61}, {bo})- 
Now v{a * /3) > \/3\, so is positive unless f3 = ^. But then a C at, has lower 
dimension, so we have replaced St{a^) by simplices which are either not fully bad, 
or are fully bad but are of lower dimension than a^. □ 

A. 2. Arcs in non-orientable surfaces. Let S" be a non-orient able surface and 
bf), bi be oriented points on dS i.e. points with a chosen orientation of the tangent 
space of dS. Let C{S,bo,bi) denote the simplicial complex with vertices the 
isotopy classes of 1-sided arcs from bo to 61, and where a collection of vertices 
span a simplex if they can be made disjoint, and have connected non-orientable (or 
genus 0) complement. This is related to the complexes G{S, A) of Wahl [25] . Using 
the orientation of the tangent space at each bi, given by the chosen orientation of 
the boundary at bi and the inwards normal vector, we can order the arcs clockwise 
or anticlockwise at each of the bi. 

Let 60,61 both lie on the same boundary component, and have coherent ori- 
entations. Let Co{S) denote the subcomplex of C{S,bo,bi) where the clockwise 
ordering at 60 coincides with the anticlockwise ordering at 61. Note that for a'' a 
/c-simplex of this complex, S^\a^ = S'^_^_;^. 

The argument in this case is slightly different than that of the other theorems 
in this appendix. 

Theorem A. 2. Co{S) is (L^J - l)-connected. 

Proof. Consider the subcomplex Go{S, bo) of Wahl's Q{S, bo) consisting of those 
simplices which are ordered palindromically: the k^^ arc in the clockwise order is 
the k^^ arc in the anticlockwise order, for all k. Recall that G{S, bo) is {n(S) — 3)- 
connected (25', Theorem 3.3]. 

The complex Co(5', 60,61) is homeomorphic to Qo{S,bo) as follows. Choose a 
path in the boundary from 61 to 60, then composing arcs with this path defines a 
map 00(5*, 60,61) GoiS, bo) which is easily seen to be simplicial and a bijection 
on sets of simplices. 

Note first that the theorem is trivially true for n{S) < 3, so suppose it holds 
for all genera below n{S). Let k < [ "^"^i "^ J — 1 and take a continuous map 
f : S'' — )• QoiS,bo), which we may suppose is simplicial for some triangulation 
of the fc-sphere. The composition S'' — > Go{S, bo) — > Q{S, bo) is nullhomotopic. 
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by the discussion above, so we may choose a nuhhomotopy / : D'^^^ — )• Q{S, bo), 
which we may again suppose to be simphcial. We will modify this map relative 
to dD''^^ to have image in go{S, bo). Call a simplex C fully bad if the 

first clockwise arc is not the first anticlockwise arc. For any simplex a, there is 
a maximal collection of vertices {vi,V2, ■■■,Vk} such that Vi is the i^^ arc of a in 
both the clockwise and anticlockwise orderings. Call the face spanned by these 
a^, and the face spanned by the remaining vertices a'^. Note that is fully bad, 
otherwise we can add its first arc to a^. As a = * and /(u^) C Qo{S, bo), it 
is enough to remove the fully bad simplices in D'^'^^. 

Let (T* C D^~^^ be a maximal (under face inclusion) fully bad simplex. If 

a C hmk{a^) then f{cr) is in ^0(5*, 60) as otherwise there are more arcs that can 
be added to ab keeping it fully bad. Furthermore, the arcs of a occur first in a* a''. 
Restricted to Link((T^) = S'^^'+^-l'^'', the map / lifts to GoiS,!)^) as in Theorem 
lA.ll Note that n{S) > n{S \ a^) > n{S) — 2\a^\ -\- 1 as removing the first arc loses 
a single genus, and removing subsequent arcs loses at most two genera per arc. 
Now 0o{S \ a^, bo) is ) i j _ i)-connected by assumption, and 

3(A; + 1 - Ict^I) < n{S) - 1 - 3\a^\ < n{S \ a*) - - 2 < n(5 \ a*) - 4 

as |cr^I > 2 for to be fully bad, so A: + 1 - |cr^[ < [ "(^V')-i j _ 1. Thus the 
lift of / to QoiS \ <T^, bo) is nullhomotopic, say through a map F : 
GoiS \ (7^, bo). Then redefining / on the star of by 

f*F:da^* ^ St{a^) ^ g{S, b^) 

gives a new / which strictly reduces the dimension of fully bad simplices. □ 

Let 60 ; bi both lie on the same boundary component, and have opposite orienta- 
tions. Let Do{S,bo,bi) denote the subcomplex of C(5, 6o)^i) where the clockwise 
ordering at bo coincides with the clockwise ordering at 61. Note that for a'' a 
fc-simplex of this complex, 5^ \ o"'^ = 5'^l2(fc+i)- 

Theorem A. 3. Do{S) is homotopy equivalent to a wedge o/([^J — l)-spheres. 

Proof. First note that this complex has dimension ([^J — 1), so it is enough to 
show that it is ([^J — 2)-connected. 

Let D(S) be the complex with vertices isotopy classes of 1-sided arcs with 
ends in {bo,bi}, where a collection of arcs span a simplex if they can be made 
disjoint and have connected non-orientable (or genus 0) complement. Note this 
complex is Wahl's ^(5, {60, fei}) and so is (n(5) — 3)-connected [25l Theorem 3.3]. 
Furthermore, Do{S) is a subcomplex of D{S). 

As usual, let k < [^J — 2 and f : ^ F>o{S) be a continuous map, which 
we may assume to be simplicial for some triangulation of the fe-sphere. The com- 
position F>o{S) F>{S) is nullhomotopic, so there exists a nullhomotopy 
/ : D^^^ —7- D{S), which may also suppose is simplicial. Say that a'' C D^+i is 
fully bad if the first arc at 60 is not the first arc at 61, and let be a maximal fully 
bad simplex. As usual / restricted to Link(a^) ^ lifts to Do{S \ a^), 
which by induction we may suppose to be a wedge of Q ^^-^V ) j _ l)-spheres. 

We must bound n{S \ a^) from below. As a'' is fully bad, the first arc at 60 is 
not the first arc at 61. There are two possibilities. Firstly, the first arc at 60 niay 
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end at bo. Then, by parity, there must be another arc which starts and ends at 
the same point bi. Cutting along both these arcs loses 2 genus, and there are then 
a remaining \a^\ — 2 arcs to cut along, which may remove at most 2 genus each. 
Then n{S\a'') > n - 2 + 2(|c7''| - 2) = n - 2\a^\ + 2. The second possibility is 
that the first arc at bo may end at 6i, necessarily not first. If the first arc at bi 
ends at bi we are in the first case, with the roles of the bi reversed. Thus we may 
assume that the first arc at bi ends at bo- Cutting along the first arc at bo loses 2 
genus and creates a new boundary, but cutting along the first arc at bi just joins 
the new boundary to the old. Thus n{S\a'') > n - 2 + 2(|(7^| - 2) = n-2\a''\ + 2 
in this case also. 
Now 

2{k + l- \a^\) < n - 2 - 2\a^\ < n{S \ a'') - 4, 

andsofe+l-|(7^| < [ "(y) j_2. Thus the lift of / to DqI^Vcj^) is nullhomotopic, 
say through a map F : £)'=+i-k''l+i Do{S\a^). As usual we modify / on St{a^) 
by 

f*F:da^* ^ St{a^) D{S) 

and this gives an improvement of /, which strictly reduces dimension of fully bad 
simplices. □ 

Let 6o)^i both lie on different boundary components. Let Eo{S,bo,bi) denote 
the subcomplex of C{S, bo,bi) where the clockwise ordering at 6o coincides with the 
clockwise ordering at 6i . Note that for a /c-simplex of this complex, S*^ \ a'^ = 

qr+k—l 
'~'n-2k • 

Theorem A. 4. Eo{S) is ([|J - 2) -connected. 

Proof. Let E{S,bo,bi) denote the complex with vertices isotopy classes of 1-sided 
arcs with ends in {bo, bi}, where a collection of arcs span a simplex if they can be 
made disjoint and have connected non-orientable (or genus 0) complement. Note 
this complex is Wahl's G{S, {bo, bi}) and so is (n(5) — 2)-connected [251 Theorem 
3.3]. Furthermore Eo{S) is a subcomplex of E{S). The remainder is entirely 
analogous to Theorems IA.3I and lA.ll □ 

B. A CONSTRUCTION IN SEMI-SIMPLICIAL SPACES 

In this appendix we describe a simple construction in semi-simplicial spaces, and 
show how to determine the connectivity of its realisation in certain cases. Though 
this construction seems very natural, we are not aware of it being discussed in the 
literature. We refer to f|2] for notation. 

Let X, be a semi-simplicial space, and define a semi-simplicial pointed space 
X^_-^ XI [•] having X^_-^ xi {0, as its space of n-simplices, with face maps 

given by the pointed maps 

' di{x) yi {j - I) ifi<j, 
(B.l) di{x X j) = * if i = j, 

X j if i > j. 

Proposition B.l. Suppose X, has the property that the maps 

W II • • • Xi^i ^ Xi\\ Xi^i 
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are {k — i)-connected for all i. Then the natural map 

s||x.|| \\x+_^ X HII* 

is k-connected. In particular, if the maps are equivalences for all i then there 
is an equivalence T,\\X,\\ ~ H-'^jli x 

Proof. Note that hocofib(|| • • • ^ ^ % X+_^) ^ hocofib(|| • • • X^+i ^ 

X^-^) ~ hocofib(|| • • • Xi^i z4 Xi\\ % Xi^i) which is {k — i)-connected by 
hypothesis. 

The semi-simphcial space X^_^ x [•] has a filtration by F'''{X^_^ x [n]) = {x x 
j\j ^ i}- The inclusion F'^~'^{X^_-^ x [n]) F^{X^_^ x [n]) is the inclusion 
of a collection of path components, so a cofibration, and the filtration quotient 
F^i^t-i ^ [*]) / i-^m^-i ^ [•]) is semi-simplicial pointed space 



X^+2 



H+2 



H+1 



where the grey arrows denote constant maps to the basepoint. The realisation of 
this semi-simplicial pointed space is 

l|i^^(^.ti X [•])/F'-\x:_, X [.])||, - S^hocofibdl • • • X+ , ^ X+\U ^ XU) 

which is fc-connected by the remark above. Furthermore, F^\\X'^_^ x [•]||^, ~ 
II by inspection, so the inclusion of the filtration zero part S||X, || H^^Li >^ 
[•]||* is ^-connected. □ 
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